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PREFACE 



To read and enjoy this book it will suffice to pos- 
sess a modest knowledge of mathematics, i.e., know- 
ledge of arithmetical rules and elementary geometry. 
Very few problems require the ability of forming and 
solving equations, and the simplest at that. 

The table of contents, as you may see, is quite di- 
versified: the subjects range from a motley collection 
of conundrums and mathematical stunts to useful 
practical problems on counting and measuring. The 
author has done everything to make his book as fresh 
as possible, avoiding repetition of all that has already 
appeared in his other works ( Tricks and Amusements, 
Interesting Problems , etc.). The reader will find a 
hundred or so brain-teasers that have not been inclu- 
ded in earliei* books. Chapter VI — “Number Giants” — 
is adapted from one of the author’s earlier pamphlets, 
with four new stories added. 




Brain-Teasers 
for Lunch 



It was raining Wo had just sal down for lunch 

at our holiday home when one of the guests asked 
us whether we would like to hear what had happened 
to him in the morning. 

Everyone assented, and he began. 

A squirrel in the glade.- “I had quite a hit of fun 
playing hide-and-seek with a squirrel,” he said. 
“You know that little round glade with a lone birch 
in the centre? It was on this tree that a squirrel 
was hiding from me. As I emerged from a thicket, 
I saw its snout and two bright little eyes peeping 
from behind the trunk. I wanted to see the little 
animal, so I started circling round along the edge 
of the glade, mindful of keeping the distance in order 
not to scare it. I did four rounds, but the little cheat 
kept backing away from me, eyeing me suspiciously 
from behind the tree. Try as I did, I just could 
not see its back.” 

“But you have just said yourself that you circled 
round the tree, four times,” one of the listeners inter- 
jected. 




“Round the tree , yes, but not round the squirrel.” 
“But the squirrel was on the tree, wasn’t it?” 

“So it was.” 

“Well, that means you circled round the squirrel 
too.” 

“Call that circling round the squirrel when I didn’t 
see its back?” 

“What has its back to do with the whole thing? 
The squirrel was on the tree in the centre of the glade 
and you circled round the tree. In other words, you 
circled round the squirrel.” 

“Oh no, I didn’t. Let us assume that I’m circling 
round you and you keep turning, showing me just 
your face. Call that circling round you?” 

“Of course, what else can you call it?” 

“You mean I’m circling round you though I’m 
never behind you and never see your back?” 

“Forget the back! You’re circling round me and 
that’s what counts. What has the back to do with 
it?” 

“Wait. Tell me, what’s circling round anything? 
The way I understand it, it’s moving in such a man- 
ner so as to see the object I’m moving around from 
all sides. Am I right, professor?” He turned to an 
old man at our table. 

“Y'our whole argument is essentially one about a 
word,” the professor replied. “What you should do 
first is agree on the definition of ‘circling’. IIow do 
you understand the words ‘circle round an object’? 
There are two ways of understanding that. Firstly, 
it’s moving round an object that is in the centre of 
a circle. Secondly, it’s moving round an object in 
such a way as to see all its sides. If you insist on the 
first meaning, then you walked round the squirrel 
four times. If it’s the second that you hold to, then 
you did not walk round it at all. There’s really no 
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ground for an argument hero, that is, if you two speak 
the same language and understand words in the same 
way.” 

“All right, I grant there arc two meanings. But 
which is the correct one?” 

“That’s not the way to put the question. You can 
agree about anything. The question is, which of the 
two meanings is the more generally accepted? In my 
opinion, it’s the first and here’s why. The sun, as 
you know', does a complete revolution in a little 

more than 25 days ” 

“Does the sun revolve?” 

“Of course, it does, like the earth around its axis. 
Just imagine, for instance, that it would take not 
25 days, but 31)574 days, i.e., a whole year, to do so. 
If this were the case, the earth would see only one 
side of the sun, that is, only its ‘face’. And yet, can 
anyone claim that the earth does not revolve round 
the sun?” 
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“Yes, now it’s clear that I circled round the squir- 
rel after all.” 

“I’ve a suggestion, comrades!” one of the company 
shouted. “It’s raining now, no one is going out, so 
let’s play riddles. The squirrel riddle was a good be- 
ginning. Let each think of some brain-teaser.” 

“I give up if they have anything to do with al- 
gebra or geometry,” a young woman said. 

“Me too,” another joined in. 

“No, we must all play, but we’ll promise to refrain 
from any algebraical or geometrical formulas, except, 
perhaps, the most elementary ones. Any objections?” 
“None!” the others chorussed. “Let’s go.” 

“One more thing. Let professor bo our judge.” 
School-groups. — “We have five extra-curricular groups 
at school,” a young pioneer began. “They’re fitters’, 
joiners’, photographic, chess and choral groups. 
The fitters’ group meets every other day, the joiners’ 
every third day, the photographic every fourth day, 
the chess every fifth day and the choral every sixth 
day. These five groups first met on January 1 and 
thenceforth meetings were held according to schedule. 
The question is, how many times did all the five 
meet on one and the same day in the first quarter 
(January 1 excluded)?” 

“Was it a Leap Year?” 

“No.” 

“In other words, there were 90 days in the first 
quarter. ” 

“Right.” 

“Let me add another question,” the professor 
broke in. “It’s this* how many days were there when 
none of the groups met in that first quarter?” 

“So, there’s a catch to it? There’ll be no other day 
when all the five groups meet and no day when some 
do not meet. That’s clear I” 







“Why?” 

“Don’t know. But I’ve a feeling there’s a catch.” 
“Comrades!” said the man who had suggested the 
game. “We won’t reveal the results now. Let’s have 
more time to think about them. Professor will announ- 
ce the answers at supper.” 

A log problem. — “It happened at a summer cottage. 
A household problem, you might call it. The cottage 
is shared by three persons — let’s call them X., Y. 
and Z . It’s an old house with an old-fashioned cooking 
stove. X. put three logs into the range, Y. added 
five and Z., who had no firewood, paid them eight 
kopeks as her share. How were X. and Y. to divide 
the mo'ney?” 

“Equally,” some hastened to say. “Z. used the fire 
produced by logs supplied by both, didn’t she?” 
“You’re wrong,” another protested. “X. and Y. 
invested, as it were, different amounts of wood. There- 
fore, X. should receive three kopeks and Y. the rest. 
That would be fair, in my opinion.” 

“Well, you have a lot of time to think about it,” 
the professor said. “Who’s next?” 

Who counted more? — “Two persons, one standing 
at the door of his house and the other walking up 
and down the pavement, were counting passers-by for 
a whole hour. Who counted more?” 

“Naturally the one walking up and down,” said 
somebody at the end of the table. 

“We’ll know the answer at supper,” the professor 
said. “Next!” 

Grandfather and grandson. — “In 1932 I was as old 
as the last two digits of my birth year. When 
I mentioned this interesting coincidence to my 
grandfather, he surprised me by saying that the 
same applied to him too. I thought that impos- 
sible ” 
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I’m a railway ticket seller 




“Of course that's impossible,” a young woman 
said. 

“Believe me, it’s quite possible and grandfather 
proved it too. How old was each of us in 1932?” 
Railway tickets.*— “I’m a railway ticket seller,” said 
the next person, a young lady. “People think this 
job is easy. They probably have no idea how many 
tickets one has to sell, even at a small station. There 
are 25 stations on my line and I have to sell different 
tickets for each section up and down the line. How 
many different kinds of tickets do you think I have 
at my station?” 

“Your turn next,” the professor said to a flier. 
A helicopter's flight.-— “A helicopter took off from 
Leningrad in a northerly direction. Five hundred 
kilometres away it turned and flew 500 kilometres 
eastward. After that it turned south and covered 
another 500 kilometres. Then it flew 500 kilo- 
metres in a westerly direction, and landed. The 







question is, where did it land: west, east, north or 
south of Leningrad?” 

“That’s an easy one,” someone said. “Five hund- 
red steps forward, 500 to the right, 500 back and 
500 to the left, and you’re naturally back where 
you’d started from!” 

“Easy? Well then, where did the helicopter land?” 
“In Leningrad, of course. Where else?” 

“Wrong!” 

“Then I don’t understand.” 

“Yes, there’s some catch to this puzzle,” another 
joined in. “Didn’t the helicopter land in Leningrad?” 
“Won’t you repeat your problem?” 

The flier did.. The listeners looked at each other. 

• » 

“All right,” the professor said. “We have enough 
time to think about the answer. Let’s have the next 
one now.” 

8. Shadow. — “My puzzle,” said the next man, “is also 

about a helicopter. What’s broader, the helicopter 
or its perfect shadow?” 

“Is that all?” 

“It is.” 

“Well, then. The shadow is naturally broader than 
the helicopter: sun-rays spread fanlike, don’t they?” 
“I wouldn’t say so,” another interjected. “Sun- 
rays are parallel to each other and that being so, 
the helicopter and its shadow are of the same size.” 
“No, they aren’t. Have you ever seen rays spread- 
ing from behind a cloud? If you have, you’ve pro- 
bably noticed how much they spread. The shadow of 
the helicopter must be considerably bigger than the 
helicopter itself, just as the shadow of a cloud is 
bigger than the cloud itself.” 

“Then why is it that people say that sun-rays are 
parallel to each other? Seamen, astronomers, for ins- 
tance.” 
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The professor put a stop to the argument by as- 
king the next person to go ahead with his conundrum. 

9. Matches.— The man emptied a box of matches on the 

table and divided them into three heaps. 

“You aren’t going to start a bonfire, are you?” 
someone quipped. 

“No, they’re for my brain-teaser. Here you are — 
three uneven heaps. There are altogether 48 matches. 
I won’t tell how many there are in each heap. Look 
well. If I take as many matches from the first heap 
as there are in the second and add them to the second, 
and then take as many from the second as there are 
in the third, and add them to the third, and finally 
take as many from the third as there are in the first 
and add them to the first— well, if I do all this, the 
heaps will all have the same number of matches. 
How many were there originally in each heap?” 

10. The u wonderful” stump. — “My puzzle is the one I 

was once asked by a village mathematician to solve,” 
the next person began. “It was really a story, and 
quite humorous at that. One day, a peasant met an 
old man in a forest. The two fell into a conversation. 
The old man looked at the peasant attentively 
and said: 

“There’s a wonderful little stump in this forest. 
It helps people in need.’ 

“‘It does? What does it do, cure people?’ 

“‘Not exactly. It doubles one’s money. Put your 
pouch among the roots of the stump, count one hund- 
red and — presto! — the money’s doubled. It’s a won- 
derful stump, that!’ 

“‘Gan I try it?' the* peasant asked excitedly. 

“‘Why not? Only you must pay.’ 

‘“Pay whom and how much?’ 

“The man who shows you the stump. That’s me. 
As to how much, that’s another matter.’ 




“The two men began to bargain. When the old 
man learned that the peasant did not have much 
money, he agreed to take 1 ruble* 20 kopeks every 
time the money doubled. 

“The two went deep into the forest where, after a 
long search, the old man brought the peasant to a 
moss-covered fir stump in bushes. He then took the 
peasant's pouch and shoved it among the roots. Af- 
ter that they counted one hundred. The old man 
took a long time to find the pouch and returned it 
to the peasant. 

“The latter opened the pouch and, lo! The money 
really had doubled! He counted off the ruble and 
20 kopeks, as agreed upon, and asked the old man 
to repeat the whole thing. 

“Once again they counted one hundred, once again 
the old man began his search for the pouch and once 
again there was a miracle— the money had doubled 
again. And just as they had agreed, the old man got 
his ruble and 20 kopeks. 

“Then they hid the pouch for the third time and 
this time too the money doubled. But after the pea- 
sant had paid the old man his ruble and 20 kopeks, 
there was nothing left in the pouch. The poor fellow 
had lost all his money in the process. There was no 
more money to be doubled and he walked off crest- 
fallen. 

“The secret, of course, is clear to all — it was not 
for nothing that the old man took so long to find 
the pouch. But there is another question I would 
like to ask you: how much did the peasant have ori- 
ginally?” 

1. The December puzzle.— “Well, comrades,” began the 
next man. “I’m a linguist, not a mathematician, so 



* 1 ruble = 100 kopeks.— Ed. 
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you needn't expect a mathematical problem. I'll 
ask you one of another kind, one close to my sphere 
of activity. It's about the calendar.” 

“Go ahead.” 

“December is the twelfth month of the year. Do 
you know what the name really means? The word 
comes from the Greek ‘deka’ — ten. Hence, decalitre 
which means ten litres, decade — ten years, etc. De- 
cember, to all appearances, should be the tenth month 
and yet it isn’t. How d’you explain that?” 

12. An arithmetical trick. — “I’ll give you an arithmetical 

trick and ask you to explain it. One of you— you, 
professor, if you like— write down a three-digit 
number, but don’t tell me what it is.” 

“Gan we have any noughts in it?” 

“I set no reservations. You can write down any 
three numerals you want.” 

“All right, I’ve done it. What next?” 

“Write the same number alongside. Now you have 
a six-digit number.” 

“Right.” 

“Pass the slip to your neighbour, the one farther 
away from me, and let him divide this six-digit num- 
ber by seven.” 

“It’s easy for you to say that, and what if it can’t 
be done?” 

“Don't worry, it can.” 

“How can you be so sure when you haven't soon 
the number?” 

“We’ll talk after you’ve divided it.” 

“You’re right. It does divide.” 

“Now pass the result to your neighbour, but don’t 
tell me what it is. Let him divide it by 11.” 

“Think you’ll have your own way again?” 

“Go ahead, divide it. There’ll be no remainder.” 
“You’re right again. Now what?” 
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“Pass the result on and let the next man divide 
it, say, by 13.” 

“That’s a bad choice. There are very few numbers 
that are divisible by 13.... You’re certainly lucky, 
this one is!” 

“Now give me the slip, but fold it so that I don’t 
see the number.” Without unfolding the slip, the 
man passed it on to the professor. 

“Here’s your number. Correct?” 

“Absolutely.” The professor was surprised. “That 
is the number I wrote down.... Well, everyone has 
had his turn, the rain has stopped, so let’s go out. 
We’ll know the answers tonight. You may give me 
all the slips now.” 

Answers 1 to 12 

1. The squirrel puzzle was explained earlier, so 
we’ll pass on to the next. 

2 . We can easily answer the first question: how 
many times did all the five groups meet on one and 
the same day in the first quarter (January 1 exclu- 
ded) by finding the least common multiple of 2, 3,$ 
4, 5 and 6. That isn’t difficult. It’s 60. Therefore, 
the five will all meet again on the 61st day — the fit- 
ters’ group after 30 two-day intervals, the joiners* 
after 20 three-day intervals, the photographic after 
15 four-day intervals, the chess after 12 five-day in- 
tervals and the choral after 10 six-day intervals. In 
other words, they can meet on one and the same day 
only once in 60 days. And since there are 90 days in 
the first quarter, it means there can be only one other 
day on which they all meet. 

It is much more difficult to find the answer to the 
second question: how many days are there when 
none of the groups meets in the first quarter? To 
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find that, it is necessary to write down all the num- 
bers from 1 to 90 and then cross out all the days when 
the fitters* group meets: e.g., 1, 3, 5, 7, 9, etc. After 
that one must cross out the joiners' group* days: e.g., 
4, 7, 10, etc. When all the photographic, chess and 
choral groups* days have also been crossed out, the 
numbers that remain are* the days when there is no 
group meeting. 

Do that and you’ll see that there are 24 such days — 
eight in January, i.e., 2 , 8, 12, 14, 18, 20, 24 and 
30, seven in February and nine in March. 

3. It is not right to think, as many do, that eight 
kopeks were paid for eight logs, a kopek for a log. 
The money was paid for one- third of eight logs becau- 
se the fire they produced was used equally by all 
three. Consequently, the eight logs were estimated 
to be worth 8X3, i.e., 24 kopeks, and the price of 
a log was therefore three kopeks. 

It is now easy to see how much was due each. Y. ’s 
five logs were worth 15 kopeks and since she had 
used 8 kopeks worth of fire, she would have to receive 
15 — 8, i.e., 7 kopeks. X. would have to receive 9 
kopeks, but if you subtracted the 8 kopeks due from 
her for using the stove, you would see that she had 
to receive 9 — 8, i.e., 1 kopek. 

4. Both of them counted the same number of pas- 
sers-by. While the one who stood at the door counted 
all those who passed both ways, the one who was walk- 
ing counted all the people he met going up and 
down the pavement. 

There is another way of putting it. When the man 
who was walking and counting the passers-by re- 
turned for the first time to the man who was standing 
at the door, they had counted the same number of 
passers-by — all those passing the standing man en- 
countered the walking man cither on the way there 




or back. And each time the one who was walking 
was returning to the one who was standing he 
counted the same number of passers-by. It was the same 
at the end of the hour, when they met for the last 
time and told each other the final number. 

5. At first it may seem that the problem is incor- 
rectly worded, that both grandfather and grandson 
are of the same age. We shall soon see that there is 
nothing wrong with the problem. 

It is obvious that the grandson was born in the 20th 
century. Therefore, the first two digits of his birth 
year are 19 (the number of hundreds). The other two 
digits added to themselves equal 32. The number 
therefore is 16: the grandson was born in 1916 and in 
1932 he was 16.' 

The grandfather, naturally, was born in the 19th 
century. Therefore, the first two digits of his birth 
year are 18. The remaining digits multiplied by 2 
must equal 132. The number sought is half of 132, 
i.o., 66. The grandfather was born in 1866 and in 
1932 ho was 66. 

Thus, in 1932 the grandson and the grandfather" 
were each as old as the last two digits of their birth 
years. 

6. At each of the 25 stations passengers can get 
tickets for any of the other 24. Therefore, the number 
of different tickets required is: 25X24=600. 

There may also be round-trip tickets. If so, the 
number doubles and there are then 1,200 different 
tickets. 

7. There is nothing contradictory in this problem. 
The helicopter did not fly along the contours of a 
square. It should be borne in mind that the earth is round 
and that the meridians converge at the poles (Fig. 3). 
Therefore, flying 500 kilometres along the parallel 
500 kilometres north of Leningrad latitude, the heli- 
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copter covered more degrees going eastward than it 
did when it was returning along Leningrad latitude. 
As a result, the helicopter completed its flight east 
of Leningrad. 

How many kilometres away? That can be calcu- 
lated. Fig. 3 shows the route taken by the helicop- 

*ig. 3 




ter: ABCDE . N is the North Pole where meridians 
AB and DC meet. The helicopter first flew 500 kilo- 
metres northward, i.e., along meridian AN. Since 
the degree of a meridian is 111 kilometres long, the 
500-kilometre-long arc of the meridian is equal to 
500 : 111 =4°5 / . Leningrad lies on the 60th parallel. 
B , therefore, is on 60°+4°5'=64 o 5'. The airship 
then flew eastward, i.e., along the BC parallel, co- 
vering 500 kilometres. The length of one degree of 
this parallel may be calculated (or learned from 
tables); it is equal to^48 kilometres. Therefore, it is 
easy to determine how many degrees the helicopter 
covered in its eastward flight: 500 : 48«sl0°4'. Con- 
tinuing, the airship flew southward, i.e., along meri- 
dian CD , and, having covered 500 kilometres, retur- 



26 







ned to the Leningrad parallel. Thence the way lay 
westward, i.e., along DA; the 500 kilometres of this 
way are obviously less than the distance between A 
and D. There are as many degrees in AD as in BC, 
i.e., 10°4\ But the length of 1° at the (50th parallel 
equals 55.5 kilometres. Therefore, the distance bet- 
ween A and D is equal to 55.5 xl0.4— 577 kilometres. 
We see thus that the helicopter could not have very 
well landed in Leningrad: it landed 77 kilometres 
away, on Lake Ladoga. 

8. In discussing this problem, the people in our 
story made several mistakes. It is wrong to say that 
the rays of the Sun spread fanlike noticeably. The 
Karlh is so small in comparison to its distance from 
the Sun that the sun-rays falling on any part of its 
surface radiate at an almost absolutely imperceptible 
angle; in fact, rays may be said to be parallel to each 
other. Wo occasionally see them spreading fanlike 
(for instance, when the sun is behind a cloud). This, 
however, is nothing but a case of perspective. 

Parallel lines, as they recede from the station point, 
always appear to the eye to meet far away in a point, 
c.g., railway tracks or a long avenue. 

But the fact that sun-rays fall to -the ground in 
parallel beams does not mean that the perfect shadow 
of a helicopter is as broad as the helicopter itself. 
Fig. 4 shows that the perfect shadow of the helicop- 
ter narrows down in space on the way to the surface 
of the earth and that, consequently, the shadow the 
hc’icopter casts should be narrower than the helicop- 
ter: CD is shorter than AB . 

It is quite possible to compute the difference, pro- 
vided, of course, we know at what altitude the heli- 
copter is flying. Let us assume that the altitude is 
1,000 metres. The angle formed by lines AC and BD 
is equal to the angle from which the sun is seen from 
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Fig. 4 




the earth. We know that this angle is equal to 1 / 2 °. 
On the other hand, we know that the distance bet- 
ween the eye and any object seen from an angle of 
Va° is equal to the length of 115 diameters of this 
object. Hence, section MN (the section seen from the 
surface of the earth at an angle of 1 / 2 C ) should be 
Vhb P art °f AC. Line AC is longer than the perpen- 
dicular distance between point A and the surface of 
the earth. If the angle formed by sun-rays and the 
surface of the earth is equal to 45°, then AC (given 
the altitude of the helicopter at 100 metres) is ap- 
proximately 1,400 metres long and section MN is 
consequently equal to 140 : 115=1.2 metres. 

But then the difference between the helicopter and 
its shadow, i.e., section MB , is bigger than MN 
(1.4 times, to be exact), because angle MBD is almost 
equal to 45°. Therefore, MB is equal to 1.2xl.4 t 
and that gives us almost 1.7 metres. 

All this applies to the perfect — black and sharp — 
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shadow of the helicopter, and not to penumbra , which 
is weak and hazy. 

Incidentally, our computation shows that if instead 
of a helicopter we had a small balloon about 1.7 met- 
res in diameter, there would be no perfect shadow. 
All we would see would be a hazy penumbra. 

9. This problem is solved from the end. Let us 
proceed from the fact that, after all the transpositions, 
the number of matches in each heap is the same. 
Since the total number of matches (48) has not chan- 
ged in the process, it follows that there were 16 in 
each heap. 

And so, what we have in the end is: 

First Heap Second Heap Third Heap 
16 16 16 

Immediately before that we had added to the first 
heap as many matches as there were in it, i.e., we 
had doubled the number. Thus, before that final 
transposition, there were only 8 matches in the first 
heap. In the third heap, from which we took thes^ 
8 matches, there were: 

16-|-8 24 

Now we have the following numbers: 

First Heap Second Heap Third Heap 

8 16 24 

Further, we know that from the second heap we 
took as many matches as there were in the third heap. 
That means 24 was double the original number. This 
shows us how many matches we had in each heap 
after the first transposition: 

First Heap Second Heap Third Heap 

8 16 + 12 » 28 12 
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It is clear now that before the first transposition 
(i.e., before we took as many matches from the first 
heap as there were in the second and added them to 
the second) the number of matches in each heap was: 

First Heap Second Heap Third Heap 

22 14 12 

10. This riddle, loo, can best be solved in reverse. 
We know that when the monev was doubled for the 
third time, there was 1 ruble 20 kopeks in the pouch 
(that is the sum the old man received the last time). 
IIow much was there in the pouch before that? Ob- 
viously 60 kopeks. That was what remained after 
the peasant had paid the old man his second ruble 
and 20 kopeks. Therefore, before the payment there 
was: • 

1.20 + 0.60 — 1.80 

Further: 1 ruble 80 kopeks was the sum after the 
money had been doubled for the second time. Before 
that there were only 90 kopeks, i.e., what remained 
after the peasant had paid the old man his first ruble 
and 20 kopeks. Hence, before the first payment there 
were 0.90+1.20=2.10 in the pouch. That was after 
the first operation. Originally, therefore, there was 
half that amount, or 1 ruble 5 kopeks. That was the 
sum with which the peasant had started his unsuc- 
cessful get-rich-quick operation. 

Let us verify: 

Money in the pouch: * 

After the first operation 

After the first payment 

After the second operation 

After the second payment 

After the third operation 

After the third payment 



1.05X2 =2.10 

2.10—1.20 =0.90 
0.90X2 =1.80 

1.80—1.20 =0.60 
0.60X2 =1.20 

1.20—1.20 =0 
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11. Our calendar comes from the early Romans 
who, before Julius Caesar, began the year in March. 
December was then the tenth month. When New 
Year was moved to January 1, the names of the mon- 
ths were not shifted . Hence the disparity between the 
meaning of the names of certain months and their 
sequence: 



Month 


Meaning 


Place 


September 


(septem--- seven) 


9th 


October 


( octo — eight) 


10 th 


November 


( norem — nine) 


Uth 


December 


(i deka — ten) 


12th 



12. Let us see w r hat happened to the original num- 
ber. First, a similar number was written alongside 
it. That is as if we took a number, multiplied it by 
1,000 and then added the original number, e.g.: 

872,872 -- 872,000 + 872 

It is clear that what we have really done was to 
multiply the original number by 1,001. 

What did we do after that? We divided it successi- 
vely by 7, 11 and 13, or by 7 xll xl3, i.e., by 1,001. 

So, we first multiplied the original by 1,001 and 
then divided it by 1,001. Simple, isn’t it? 



Before wo close our chapter about the brain-tea- 
sers at the holiday home, I should like to tell you 
of another three arithmetical tricks that you can try 
on your friends. In two you have to guess numbers 
and in the third, the owners of certain objects. 
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These tricks are very old and you probably know 
them well, but I am not sure that all people know 
what they are based on. And if you do not know the 
theoretic basis of tricks, you cannot expect to un- 
ravel them. The explanation of the first two will 
require an absolutely elementary knowledge of al- 
gebra. 

13. The missing digit. —Tell your friend to write any 

multidigit number, say, 847. Ask him to add up these 
three digits (8-f-4+7)=19 and then subtract the to- 
tal from the original. The result will be: 

847 — 19 = 828 

Ask him to cross out any one of the three digits 
and tell you the remaining ones. Then you tell him 
the digit he has crossed out, although you know nei- 
ther the original nor what your friend has done with it. 
How is this explained? 

Very simply: all you have to do is to find the digit 
which, added to the two you know, will form the nea- 
rest number divisible by 9. For instance, if in the 
number 828 he crosses out the first digit (8) and tells 
you the other two (2 and 8), you add them and get 10. 
The nearest number divisible by 9 is 18. The missing 
number is consequently 8. 

IIow is that? No matter what the number is, if 
you subtract from it the total number of its digits, 
the balance will always be divisible by 9. Algebrai- 
cally, we can take a for the number of hundreds, 
b for the number of tens and c for the number of units. 
The total number of units is therefore: 

100a nh 10fc -j- c 

From this number we subtract the sum total of 
its digits a-\-b+c and we obtain: 

100a + 106 + c — (a + b + c) = 99a + 96 = 9(1 la + b) 
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But 9(11 a+b) is, of course, divisible by 9. There- 
fore, when we subtract from a number the sum to- 
tal of its digits, the balance is always divisible 
by 9. 

It may happen that the sum of the digits you are 
told is divisible by 9 (for example, 4 and 5). That 
shows that the digit your friend has crossed out is 
either 0 or 9, and in that case you have to say that 
the missing digit is either 0 or 9. 

Here is another version of the same trick: instead 
of subtracting from the original number the sum to- 
tal of its digits, ask your friend to subtract the same 
number only transposed in any way he wishes. For 
instance, if he writes 8,247, he can subtract 2,748 
(if the number transposed is greater than the origi- 
nal, subtract the original). The rest is done as descri- 
bed above: 8,247 — 2,748—5,499. If the crossed-out di- 
git is 4, then knowing the other three (5, 9 and 9), 
you add them up and get 23. The nearest number 
divisible by 9 is 27. Therefore, the missing digit is 
27-23=4. 

Guessing a number without asking anything.— Tell 
your friend to take any three-digit number not ending 
with a nought (but one in which the difference between 
the extreme digits is not less than 2) and ask him 
to reverse the order of the digits. After that he must 
subtract the smaller number from the bigger and add 
the result to itself, only written in reverse order. 
Without asking him anything, you tell him the final 
result. 

For instance, if the number he thought of is 467, 
then he must effect the following operations: 

467; 464; 764 ,297 

467 +792 

297 1.089 







It is this final result that you tell your friend. 
How you find it? 

Let us examine the problem in general. Let us take 
a number with digits a, 6 and c, with a bigger than 
c by at least two units. Here is how it will look: 

100a + 106 + c 

The number with the digits reversed will look thus: 
100c + 106 + a 

The difference between the first and the second will 
equal: 

99a — 99c 

We then effect the following transformations: 

99a — 99c = 99(a — c) = 100(a — c) — (a — c) = 

— 100(a — c) — 100 + 100 — 10 + 10 — a + 
+ c = 100(a — c — 1) -f- 90 ~|“ (10 — a + c) 

Consequently, the difference consists of the follo- 
wing three digits: 

Number of hundreds: a — c — 1, 
number of tens: 9, 
number of units: 10-f c — a 

The number with the digits reversed will look 
thus: 

100(10 + c — a) — f~ 90 -f“ (a — c — 1) 

Adding the two expressions 

, 100(a — c — 1) + 90*+ 10 + c — a 
* 100(10 + c — a) + 90 + a — c — 1 

we get 

100 X 9 + 180 + 9 = 1,089 
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And so, irrespective of the choice of digits a, b 
and c, wo always get the same number: 1,089. It is 
not difficult, therefore, to guess the result of these 
calculations: you have known it all along. 

Naturally, you should not pose this problem twice 
to the same man. lie will guess the trick. 

15. Who has it?- This clever trick requires three little 

things that can be put in one’s pocket —a pencil, a 
key and a penknife will do very well. In addition to 
that, put a plate with 24 nuts -draughts or domino 
pieces or matches will do just as well — on the table. 

Having completed these preparations, ask each of 
your three friends to put one of the three things into 
liis pocket — one the pencil, the second the key and 
the third the penknife. This they must do iu your 
absence, and when you return to the room, you guess 
correctly where each object is. 

The process of guessing is as follows: on your re- 
turn (i.e., after each has concealed the object) you 
ask your friends to take care of some nuts— you give 
one nut to the first, two to the second and three to 
the third. Then you leave Ihe room again, telling 
them that they must take more nuts — the one who 
has the pencil should take as many nuts as he was 
given the first time; the one with the key twice as 
many as he has been given; and the one with the pen- 
knife four times the number. The rest, you tell them, 
should remain in the plate. 

When they have done that, they call you into the 
room. You walk in, look at the plate and announce 
what each of your friends has in his pocket. 

The trick is all the more mystifying since you do 
it solo, so to speak, without any assistant who could 
signal to you secretly. There is really nothing tricky 
in the riddle— the whole thing is based on calculation. 
You guess who has each of the things from the number 
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of nuts remaining in the plate. Usually there are not 
many of them left — from one to seven — and you 
can count them at one glance. How, then, do you 
know who has what thing? Simple. Each different 
distribution of the three objects leaves a different 
number of nuts in the plate. Here is how it is done. 

Let us call your three friends Dan, Ed and Frank, 
or simply D, E, F. The three things will be as fol- 
lows: the pencil — a, the key — 6, and the penknife — c. 
The three objects can be distributed among the trio 
in just six ways: 




Thero can be no other combinations — the table 
above exhausts all of them. 

Now let us see how many nuts remain after each 
combination: 



DEF 




Number of nuts taken 




Total 


abc 


1 -j" 1 = 


= 2; 


2 + 4 = 


= 6; 


3 + 12 = 


= 15 


23 


acb 


1 + 1 = 


= 2: 


2 + 8 = 


=*10; 


3 + 6 = 


= 9 


21 


bac 


1 + 2 = 


s 


2+2 = 


= 4; 


3 +■ 12 = 


= 15 


22 


bca 


1 •+ 2 = 


-3; 


2 + 8 = 


= 10; 


3 + 3 = 


= 6 


19 


cab 


1 “j- 4 = 


= 5; 


2 + 2 = 


= 4; 


3 + 6 = 


= 9 


18 


cba 


1 + 4 = 


= 5; 


2 + 4 = 


= 6; 


3 +• 3 = 


= 6 


17 
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You will see that the remainder is each time diffe- 
rent. Knowing what it is, you will easily establish 
who has what in his pocket. Once again, for the third 
time, you leave the room, look at your notebook into 
which you have written the table above (frankly 
speaking, you need only the first and last columns). 
It is difficult to memorise this table, but then there 
is really no need for that. The table will tell where 
each thing is. If, for example, there are five nuts 
remaining in the plate, the combination is bca , i.e., 

Dan has the key, 

Ed has the penknife, and 
Frank has the pencil. 

If you want to succeed, you must remember how 
many nuts you gave ea,ch of your three friends (the 
best way is to do so in alphabetic order, as we have 
done here). 




Chapter 

2 . Mathematics in Games 



Dominoes 

16. A chain of 28 pieces. — Can you lay out the 28 do- 
mino pieces in a chain, observing all the rules of the 
game? 

17. The two ends of a chain.— The chain of the 28 do- 
minoes begins with five dots. How many dots are 
there on the other end of the chain? 

18. A domino trick. — Your friend takes a domino pi- 
ece and asks you to build a chain with the remai- 
ning 27, affirming that this can be done no matter 
what piece is missing. After that he leaves the room. 

You lay out the dominoes in a chain, and find 
that your friend is right. What is even more wonder- 
ful is that your friend, without seeing your chain, 
can tell you the number of dots on each of the end 
pieces. 

How can he know^that? And why is he so certain 
that a chain can be built up of any 27 pieces? 

19. A frame. — Fig. 5 shows a square frame made up of 

domino pieces in accordance with the rules of the 
game. The sides are equal in length, but not in the 
total number of dots. The top and left sides add up 
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to 44 points each, while the other two to 59 and 32 
points, respectively. 

Gan you build a square frame in which each side 
will have 44 points? 

20. Seven squares. — It is possible to build a four-do- 

mino square in such a way as to have the same num- 
ber of dots on each side, as shown in Fig. 6: there 
are 11 dots on each side. 

Can you make seven such squares out of the 28 
domino pieces? It is not necessary for all the sides 




of the seven squares to have an identical number of 
dots, just the four sides of each square. 

21. Magic squares.— Fig. 7 depicts a square of 18 do- 
mino pieces. The wonder of it is that there are 13 
dots in every one of its rows — vertical, horizontal 
or diagonal. From time immemorial these squares 
have been called “magic”. 

Arrange several other 18-piece magic squares, but 
with a different number of dots. Thirteen is the lo- 
west total in a row and 23 the highest. 

22. Progression in dominoes.— Fig. 8 shows six do- 
minoes arranged according to the rules of the game, 
with the number of dots increasing by one on each 
successive piece: four on the first, fivo on the second, 
six on the third, seven on the fourth, eight on the 
fifth and nine on the sixth. 

A series of numbers increasing (or decreasing) by 
the same amount is known as “arithmetical progres- 
sion”. In our case, each number is greater than the 
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preceding by one, but there can be any other "diffe- 
rence”. 

The task is to arrange several other six-piece pro- 
gressions. 



The Fifteen Puzzle 



Fitf. 9 



The story of the well-known square shallow box 
with 15 blocks numbered 1 to 15 inclusive is an ex- 
tremely interesting one, though very few players 
know it. Here is what W. Ahrens, German mathema- 
tician and draughts expert, wrote about it: 




The “Fifteen Puzzle 






“In the late 1870s there appeared in the United 
States a new game — ‘The Fifteen Puzzle’. Its popu- 
larity spread fast and wide, and it soon became a 
real social calamity. 

“The craze hit Europe too. One came across people 
trying to solve the puzzle everywhere— even in pub- 
lic conveyances. Office workers and shop salesmen 
became so absorbed in working it out that their em- 
ployers had to forbid the game during working hours. 
Enterprising people took advantage of the mania to 
arrange large-scale tournaments. 

“The puzzle made its way even into the German 
Reichstag. The well-known geographer and mathema- 
tician Siegmund Gunther, a Reichstag deputy at the 
time of the craze, recalled seeing his grey-haired 
colleagues bending thoughtfully over the little squ- 
are boxes. 

A 
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“In Paris the game was played in the open air, 
on the boulevards, and soon spread from the capital 
to the provinces. ‘There was no rural homestead 
where this spider had not woven its web,’ was how 
one French author described the craze. 

“The fever was apparently at its highest in 1880, 
but mathematicians soon defeated the tyrant by pro- 
ving that only half of the numerous problems it posed 
were solvable. There was absolutely no chance of 
finding a solution for the rest. 

“The mathematicians made it clear why some pro- 
blems remained unsolved despite all efforts and why 
the organizers of tournaments were not afraid of 
offering huge prizes for their solution. In this the in- 
ventor of the puzzle, Sam Lloyd, surpassed everyone. 



Fig. 10 
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13 
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14 





Normal order of blocks (po- Insoluble (position II) 

sition I) 

lie asked a New York newspaper owner to offer $ 1,000 
to anyone who would solve a certain variant of the 
Fifteen Puzzle, and when the publisher hesitated, 
Lloyd said he would pay the sum himself. Lloyd 
was well known for his clever conundrums and brain- 
teasers. Curiously enough, he could not get a U.S. 
patent for his puzzle. According to regulations, a 
person applying for one was required to submit a 
‘working model’. Af the Patent Office he was asked 
if the puzzle was solvable, and Lloyd had to admit 
that mathematically it was not. ‘In that case,’ the 
official said, ‘there can be no working model and 
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without it there can be no patent.' Lloyd left it at 
that, but there is no doubt that he would have been 
much more insistent could he have but foreseen the 
unusual success of his invention.” 

Here are some facts about the puzzle, as told by 
the inventor himself: 

“Puzzle enthusiasts may well remember how, in 
the 1870s, I caused the world to rack its brain over 
a box with moving blocks, which became known as 
‘The Fifteen Puzzle* (Fig. 9). Thirteen of the blocks 
were arranged in regular order (Fig. 10) and only two, 
14 and 15, were not (Fig. 11). The task was to shift 
one block at a time until blocks 14 and 15 were 
brought into regular order. 

“No one won the $ 1,000 prize offered for the first 
correct solution, although people worked tirelessly at 
it. There are many humorous stories told of trades- 
men who were so absorbed in the puzzle they forgot 
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to open their shops, and of respected officials who 
spent nights seeking for a way to solve the problem. 
People just would not give up their search for the 
solution, being confident of success. Navigators ran 
their ships against reefs, locomotive engineers mis- 
sed stations and farmers chucked up their ploughs.” 



We shall acquaint the reader with the rudiments 
of the puzzle. On the whole, it is extremely compli- 
cated and closely connected with one of the sections 
of advanced algebra (“the theory of determinants”). 
Hero is what Ahrens wrote about it: 

“The job is to shift the blocks by using the blank 
space in such a manner as to finally arrange all the 
15 in regular order, i.e., to have block 1 in the upper 
left-hand corner, block 2 to the right of it, block 
3 next to block 2, and block 4 in the upper right- 
hand corner; to have blocks 5, 6, 7 and 8 in this order 
in the next row, etc. (see Fig. 10). 

“Imagine for a moment that the blocks are all 
placed at random. It is always possible to bring block 
1 to its correct position through a series of moves. 

“It is equally possible to shift block 2 to the next 
square without touching block 1. Then, without tou- 
ching block 1 and 2, one can move blocks 3 and 4 
into their places. If, per chance, they are not in the 
last two vertical rows, it is easy to bring them there 
and to achieve the desired result. The top row 1, 2, 3 
and 4 is now in order and in our subsequent opera- 
tions we shall leav^ these four blocks alone. In the 
same way we shall try to put in order the row 5, 6, 7 
and 8; this is also possible. Further, in the next two 
rows it is necessary to bring blocks 9 and 13 to their 
correct positions. Once in order, blocks 1, 2, 3, 4 , 
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5, 6, 7, 8, 9 and 43 are not shifted any more. There 
remain six squares — one of them blank and the other 
five occupied by blocks 10, 11, 12, 14, and 15 in pell- 
mell order. It is always possible to shift blocks 10, 11 
and 12 until they are arranged correctly. When this 
is done, there will remain blocks 14 and 15 in pro- 
per or improper order in the bottom row (Fig. 11). 
In this way — as the reader can verify himself — we 
come to the following result: 

“Any original combination of blocks can be brought 
into the order shown in Fig. 10 (position I) or Fig. 11 
(position II). 

“If a combination, which we shall call C for short, 
can be re-arranged into position I, then it is obvious 
that we can dd the reverse too, i.c., re-arrange posi- 
tion I into combination C . After all, every move can 
be reversed: if, for instance, we can shift block 12 
into blank space, we can bring it hack to its old po- 
sition just as well. 

‘ Thus, we have two series of combinations: in the 
first we can bring the blocks into regular order (po- 
sition I) and in the second into position II. And coh- 
versely, from regular order we can obtain any combi- 
nation of the first series and from positiou II any 
combination of the second series. Finally, any one 
of the two combinations of the same series may be 
reversed. 

“Is it possible to transform position I into posi- 
tion II? It may definitely be proved (without going 
into detail) that no number of moves is capable of 
doing that. Therefore, the huge number of combina- 
tions of blocks may be classed into two series — the 
first series where the blocks can be arranged in regu- 
lar order, i.e., the solvable; and the second series 
where in no circumstances can the blocks be brought 
into regular order, i.e., the insoluble, and it is for 
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the solution of these positions that huge prizes were 
offered. 

“Is there any way of telling to what series the 
position belongs? There is, and here is an example. 

“Let us analyse the following position. The first 

row of blocks is in order and the second, too, with 

■ * * 

the exception of block 9. This block occupies the space 
that rightfully belongs to block 8. Therefore, block 9 
precedes block 8. Such violation of regular order is 
termed ‘disorder’. Our analysis further shows that 
block 14 is three spaces ahead of its regular position, 
i.e., it precedes blocks 12, 13, and 11. Here we have 
three ‘disorders’ (14 before 12, 14 before 13, and 
14 before 11). Altogether we have 1+3—4 ‘disorders’. 
Further, block 12 precedes block 11, just as block 13 
precedes block 11. That gives us another two ‘disor- 
ders’ and brings their total to 6. In this way we de- 
termine the number of ‘disorders’ in each position, 
taking good care to vacate beforehand the lower 
right-hand corner. If the total number of ‘disorders’, 
as in this case, is even^ then the blocks can be arrang- 
ed in regular order and the problem is solvable. If, 
on the other hand, the number of ‘disorders’ is odd % 
then the position belongs to the second category, 
i.e., it is insoluble (zero disorder is taken as even 
number). 

“Mathematical explanation of this puzzle has dealt 
a death blow to the craze. Mathematics has created 
an exhaustive theory of the game, leaving no place 
whatever for doubts. The solution of the puzzle does 
not depend on guesswork or quick wit, as in other 
games, but solely on mathematical factors that pre- 
determine the result with absolute certainty.” 

Let us now turn to some problems in this field. 

Below are three of the solvable problems , made up 
by the inventor. 




23. The first problem.— In Fig. 11 arrange the blocks 

in regular order, leaving the upper left-hand corner 
blank (as in Fig. 13). 

24. The second problem.— Take the box as in Fig. 11, 

place it on its side (one-quarter turn) and shift the 
blocks until they assume the positions in Fig. 14. 



Fig. 13 
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25. The third problem. — Shifting the blocks according 

to the rules of the puzzle, turn the box into a “magic 
square”, i.e., arrange the blocks in such a manner 
as to obtain a total of 30 in all directions. 



Answers 18 to 25 

16. To simplify the problem let us set aside all 
the seven double pieces: 0—0, 1—1, 2--2, etc. There 
will remain 21 pieces with each number repeated six 
times. For instance, there will be four dots (on one 
half of the piece) on the following six pieces: 

4 — 0, 4 — 1, 4 — 2, 4 — 3, 4 — 5 and 4 — 6 

We thus see that each number is repeated an even 
number of times. It is obvious that theso pieces can 
be linked up. And when this is done, when the 21 pie- 
ces arc arranged in an uninterrupted chain, then we 
insert the seven double pieces between pieces ending 
with the same number of dots, i.e., between two 
0's, two i's, two 2’s, etc. After that all the 28 pieces 
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will be drawn into the chain according to the rules 
of the game. 

17. It is easy to prove that a chain of 28 pieces 
must end with the same number of dots as it begins. 
Indeed, if it wore not so, the number of dots on the 
ends of the chain would be repeated an odd number 
of times (inside the chain the numbers always lie 
in pairs). However, we know that in a complete set 
each number is repeated eight times, i.e., an even 
number of times. Therefore, our assumption about 
the unequal number of dots on the ends of the chain 
is wrong: the number of dots must be the same (in 
mathematics arguments of this sort are called “re- 
ductio ad absurdum”). 

Incidentally, this property of the chain has another 
extremely interesting aspect: namely, that the ends 
of a 28-piece chain can always be linked to form a 
ring. Thus, a complete domino set may be arranged 
according to the rules of the game both into a chain 
with loose ends or into a ring. 

The reader may be interested to know how many 
ways there are of arranging this ring or chain. Witho- 
ut going into tiresome calculations we can say that 
there is a gigantic number of ways of doing this. It 
is exactly 7,959,229,931,520 (representing the value 
of 2 13 x3*x5x7x4,231). 

18. The solution of this problem is similar to the 
one described above. We know that the 28 domino 
pieces can always be arranged to form a ring. There- 
fore, if we take one piece away, 

1) the remaining 27 will always form an uninter- 
rupted chain with loese ends, and 

2) the numbers on the loose ends of this chain will 
always be those on the two halves of the piece taken 
away. 

Concealing a domino piece, you can always tell 




Fig. 15 



•••I ••• 




beforehand the number ot dots on each end of llic chain. 

19. The total number of dots on the four sides of 
the unknown square must equal 44x4—176, i.e., 
8 more than the total number of dots on all the do- 
mino pieces (168). This is because the numbers at the 
vertices of the square are counted twice. This deter- 
mines that the total of the numbers at the vertices 
is 8 and that helps to find the necessary arrangement 
(although its discovery nevertheless remains quite 
troublesome. The solution is shown in Fig. 15). 
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20. Here are two of the many solutions of this 
problem. In the Erst (Fig. 16) we have: 

1 square with a total of 3 2 squares wiLh a total of 9 

1 square with a total of 6 1 square with a total of 10 

1 square with a total of 8 1 square with a total of 16 

In the second (Fig. 17) we have: 

2 squares with a total of 4 2 squares with a total of 10 

1 square with a total of 8 2 squares with a total of 12 

21. Fig. 18 is a specimen of a magic square with 
a total of 18 dots in each row. 

22. Here, as an example, are two progressions with 
a difference of 2: 





a) 0 — 


0, 0— 


2, 0— 


4, 0- 


-6, 4 — 4 (or 3 — 5), 


5-5 


(or 4 — 6) 










3- 


b) 0— 


1. 0 


—3 


i (or 1— 


-2), 0- 


-5 (or 2 — 3), 1 — 6 (or 3 


-4), 


— 6 (or 


4- 


5), 


5—6 






There 


are 


altogether 23 six-piece progressions. 


The 


starting 


pieces 


are: 










a) for 


progressions 


with a 


difference of 1: 




0- 


-0 1- 


-i 


2- 


-1 2- 


-2 3 


—2 




0- 


-1 2- 


-0 


3- 


-0 3- 


-1 2 


4 




1- 


-0 0- 


-3 


0- 


-4 1 


4 3 


-5 




0- 


-2 1- 


-2 


1- 


-3 2- 


-3 3- 


4 





b) for progressions with a difference of 2: 
0—0 0—2 0—1 



23. This problem may be solved by the following 
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14. 


moves: 

11. 


12. 


8. 


7, 


„ 6, 


10, 


12, 


8, 


7, 


4. 


3, 


6. 


4, 


7, 


14, 


11, 


15, 


13, 


9. 


12. 


8, 


4, 


10, 


8. 


4. 


14, 


H. 


15, 


13, 


9. 


12, 


4, 


8, 


5, 


4, 


8. 


9. 


13, 


14, 


10, 


6. 


2, 


1 













24. This problem may be solved by the following 
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14, 


moves: 

15, 


\ 

) 

10, 


6, 7, 


11, 


15, 


10, 


13, 


9, 


5, 


1 , 


2, 


3, 4, 


8, 


12, 


15, 


10. 


13, 


9, 


5, 


1 , 


2, 3, 


4, 


8, 


12, 


15, 


14. 


13, 


9, 


5, 


1, 2, 


3. 


4, 


8, 


12 




25. The 


magic square 


with the total of 30 


is achie- 


vod through the following 

12, 8. 4, 3, 2, 6, 


moves: 
10. 9, 


13, 


15, 


14, 


12, 


8, 


4, 7, 


10, 


9, 


14, 


12, 

9, 


8, 

6 , 


4, 


7, 


10, 


9, 6. 


2, 


3. 


10 , 


5, 


1 , 


2, 


3, 6, 


5, 


3. 


2, 


1 , 


13, 


14. 


3, 


2, 


1, 13, 


14, 


3, 


12, 


15, 


3 




Another Dozen Puzzlers 




String. — “What 1 More string?” the boy’s mother 
exclaimed, tearing herself away from washing. “D’you 
think I’m made of it? All I hear is, ‘Give me some 
string’. I gave you a whole ball yesterday. What 
d’you need so much for? What have you done with 
the one I gave you?” 

“What have I done with it?” the boy countered. 
“First, you took half of it back.” 

“And how d’you expect me to tic the washing?” 
“Then Tom took half of what remained to fish 
s tickle-backs in tho creek.” 

“Yes, you couldn’t very well refuse your elder 
brother. ” 

“I didn’t. There remained very little and Dad 
took half of it to fix his suspenders. And then sis took 
two- fifths of what remained to tie her braids....” 

“And what have you done with the rest?” 

“With the rest? There were only 30 centimetres 
left. Try to play telephone with that!” 

How much string was there in the first place? 
Socks and gloves.— In one box there are 10 pairs 
of brown and 10 pairs of black socks and in another 
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the same amount of brown and black gloves. How 
many socks and gloves must one take out of the bo- 
xes to select one pair of socks and one pair of gloves — 
* of the same colour, of course? 

28. Longevity of hair. —IIow many hairs are there on 

the average on a man’s head? About 150,000.* It has 
been calculated that a man sheds about 3,000 hairs 
a month. 

Given this, can you calculate the longevity — ave- 
rage, of course— of each hair on a man’s head? 

29. Wages.- -Together with overtime my wages last 

week were 130 rubles. My basic wages are 100 rubles 
above overtime. How much do I earn without over- 
time? 

30 Skiing.— A man has calculated that if he skis 10 

kilometres an hour, he will arrive at a certain plaCe 
at 1 p.m.; if he docs 15 kilometres, he will reach the 
same spot at 11 a. in. How fast must he ski to get 
there at 12 noon? 

31. Two workers.— Two workers, one old and the other 

young, live in the same house and work at the same 
factory. It takes the young man 20 minutes to walk 
to the plant. The old man covers the distance in 30 
minutes. When will the young worker catch up with 
the older man if the latter starts out five minutes 
before him? 

32. Typing a report.— Two girls are asked to type a re- 
port. The more experienced can do the whole job 
in two hours; the other in three. 



* Many may wonder hhw we come by this figure. Did we 
have to count the hairs? No. It is enough to count them on 
one square centimetre of man’s head. Knowing this and the 
size or the hair-covered surface, it is not hard to determine 
the total. Anatomists use the method resorted to by sylvi- 
culturists in counting trees in a forest. 
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How long will it take them to finish the whole job 
if they divide it in such a manner as to complete it 
as early as possible? 

Problems of this type are usually solved as follows: 
we find what part of the job each does in an hour, 
add the two parts and divide 1 by the result. Can you 
think up a new way of solving the problems of this 
kind? 

Two cog-wheels.— An eight -tooth cog-wheel is cou- 
pled with a 24-tooth one. (Fig. 19). How many times 



How many times must the 
small cog-wheel rotate? 



must the small one rotate on its axis to circle around 
the big one? 

How old is he?— A conundrum enthusiast was asked 
how old he was. The reply was quite ingenious. 

“Take my age three years hence, multiply it by 3 
and then subtract three times my age three years 
ago and you will know how old I am.” 

Well, how old was he? 

Another age riddle. — “How old is Ivanov?” a friend 
of mine asked me the other day. 

“Ivanov? Let’s see. Eighteen years ago he was 
three times as old as his son. 

“But he’s only twice as old now,” my friend inter- 
rupted. 






“That’s right and this is why it isn’t difficult to 
arrive at their ages.” 

Well, reader? 

36. Preparing a solution.— In one graduate you have 

some hydrochloric acid and in another the same 
amount of water. To prepare a solution you pour 
20 grammes of the acid from the first graduate into 
the second. After that you pour two- thirds of the so- 
lution in the second graduate into the first. There 
will then be four times as much fluid in the first as 
in the second. 

How much acid and water was there in the first 
place? 

37. Shopping. —I had about 15 rubles in one ruble notes 

and 20-kopek coins when I went out shopping. When 
I returned, I had as many one-ruble notes as I origi- 
nally had 20-kopek coins and as many 20-kopek coins 
as I originally had one-ruble notes. Briefly, I came 
back with about one-third of what I had started out 
with. 

How much did I spend? 

Answers 26 to 37 

26. When the boy’s mother took half of the string, 
there naturally remained V 2 After his brother there 
remained V4* after his father Vs* and after his sister 
VbX 8 /6= 3 /4 o II 30 cm= s /4o» then the original length 
was 30 : s / 40 — 400 cm or 4 metres. 

27. It is enough to take three socks, for two of 
them will always be of the same colour. It is not so 
simple with glo\es, fcyr they differ not only in colour, 
but also in that half of them are for the right hand 
and the rest for the left. Here you must take at least 
21 gloves. If you take less, say, 20, they may all be 
for the left hand (ten brown and ten black). 
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28. The hair that falls last is the one that is the 
youngest today, i.e., the one that is only one day old. 

Let us compute how long it will take before the 
last hair falls. In the first month a man sheds 3,000 
hairs out of the 150,000 he has on his head; in the 
first two months 6 , 000 ; and in the first year 3,000 X 
xl2 =36,000. Therefore, it will take a little over 
four years for the last hair to fall. It is thus that we 
have determined the average age of human hair. 

29. Many say 100, without even stopping to think. 
That is wrong, for then the basic wages would be only 
70 rubles and not 100. 

Here is how the problem should be solved. We 
know that if we add 100 rubles to overtime we get 
the basic wages. Therefore, if we add 100 rubles to 
130 rubles we have two basic wages. But 130+100= 
=230. That means two basic wages equal 230 rubles. 
Hence, wages alone, without overtime, amount to 
115 rubles and overtime to 15 rubles. 

Let us verify: 115 — 15 = 100. And that is as the 
problem has it. 

30. This problem is interesting for two reasons. 
First, it may easily lead one to think that the speed* 
we seek is the mean result of 10 and 15 kilometres, 
i.e., 12.5 kilometres an hour. It is not hard to guess 
that this is wrong. Indeed, if the distance the skier 
covers is a kilometres, then going at 15 kilometres 
an hour he will require a/ lh hours to cover it, going 
at 10 kilometres a/ 10 , and at 12.5 kilometres a/12Vs or 
2 a/ 25 . Thus, the equation: 

2a a a 2a 
25 15 = 10 25 

because each of these members is equal to one hour. 
Simplifying by a, we obtain 
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25 15 = 10 25 

or the arithmetical proportion 

_4 t_ _1_ 

25 — 15 + 10 

This equation is wrong because 
111.4 4 

15 "^10 = 6 ’ * ,G ’’ 24 an( * nQt 25 

The other reason why it is interesting is because 
it can be solved orally, without equations. 

Here is how it goes: if the skier did 15 kilometres 
an hour and was out for two hours more (i.o., as long 
as if he were skiing at 10 kilometres an hour), he 
would cover an additional 30 kilometres. In one hour, 
we know, he covers 5 km more. Thus, he would be 
out for 30 : 5=6 hours. This determines the duration 
of the run at 15 kilometres an hour: 6 — 2=4 hours. 
And it is not hard now to find the distance covered: 
15x4=60 kilometres. 

Now it is easy to see how fast he must ski to arrive 
at that place at 12 noon, i.e., in five hours: 

60 : 5 = 12 kilometres 

It is not difficult to verify the correctness of the 
answer. 

31. This problem may be solved in many ways 
without equations and in different ways. 

Here is the first way. In five minutes the young 
worker covers V 4 of* the way and the old V 6 , i.e., 
V 4 — Ve—Via less than the young man. 

Since the old man was Ve of the way ahead of the 
young worker, the latter would catch up with him 
after V 6 : 4 /ia == 2 five-minute intervals, or 10 minutes. 







The other way is even simpler. To get to the factory 
the old worker needs 10 minutes more than the young 
one. If he were to leave home 10 minutes earlier, 
they would both arrive at the plant at the same time. 
If the old worker were to leave only 5 minutes earlier, 
the young man would overhaul him half-way to the 
factory, i.e., 10 minutes later (since it takes him 20 
minutes to cover the whole distance). 

There are other arithmetical solutions too. 

32. A novel way of solving this problem is as fol- 
lows: let us find out how the typists should divide 
the job to finish it at the same time (it is evident 
that this is the only way to finish work as quickly 
as possible, provided, of course, they do not idle 
their time away). Since the more experienced typist 
can work l 1 / a times faster than the other, it is clear 
that her share should be IV 2 times greater. Then both 
will finish simultaneously. Hence, the first should 
take 3 / 6 of the report and the second a / 5 . 

Generally speaking, this solves the problem. There 
now remains only to find how long it takes the first 
typist to do her share, i.e., 3 / 5 of the report. We know 
that she can do the whole job in 2 hours. Therefore, 
3 / 5 will be done in 2 x 8 /5=1V5 hours. The other ty- 
pist must finish her bit in the same span. 

Thus, the fastest time the two can finish the job is 
1 hour 12 minutes. 

There is another solution too. In six hours the 
first girl could type the report three times and the 
second, twice. This means that in six hours they could 
together type the report five times (i.e., in six hours 
they could type five times as many pages as there 
are in the report). Consequently, they need one-fifth 
of the six hours to type the report, or 6 hours : 5 = 
= 1 hour 12 minutes. 

33. If you think the small cog-wheel will rotate 
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three times, you are very much mistaken. It is four 



ii 



To see why this is so, take a sheet of paper and 
place on it two equal-sized coins — two 20-kopek 
coins will do (Fig. 20 ). Then, holding the lower one 




Revolving round the immo- 
bile coin, the other com cir- 
cles twice and not once 



tight in its place, roll the upper coin around it. You 
will be surprised to see that by the time the upper 
coin reaches the bottom of the lower one it will have 
fully rotated on its axis. This may be seen from the 
position of the denomination figures stamped on the 
coin. And when it has done a complete circle around 
the lower coin, it will have rotated twice. 

Generally speaking, when a body rotates round a 
circle, it always does one revolution more than one 
can count. It is precisely this that explains why the 
earth, revolving round the sun, succeeds in rotating 
on its axis not in 365 V 4 days, but in 366V4 day, if 
one counts its revolutions in respect to the stars and 
not the sun. You will understand now why sidereal 
days are shorter than solar days. 
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34. Arithmetically, the solution of this problem is 
quite complicated, but it becomes simple when we 
apply algebra and make an equation. Let us take x 
for the years. The age three years hence will be aH-3, 
and tho ago three years ago x — 3. We thus have the 
equation: 

3(x + 3) — 3(jc — 3) =---= x 

Solving this we obtain # — 18. The conundrum en- 
thusiast was 18 years old. 

Let us verify: three years hence he will be 21; three 
years before he was 15. 

The difference is 

(3 x 21) — (3 x 15) = 63—45 = 18 

35. Like the preceding problem, this one is also 
solved by simple equation. If the son is x years old, 
then tho father is 2x years old. Eighteen years ago 
they were both 18 years younger: the father was 
2x — 18, and the son x — 18. It is known that father 
was then three times as old as tho son: 

3(.r — 18) = 2x — 18 

Solving this equation, we find that x equals 36. 
The son is 36 and the father 72. 

36. Let us suppose that there wore x grammes of 
hydrochloric acid in the first graduate and x grammes 
of water in the second. After the first operation there 
remained ( x — 20 ) grammes of acid in the first gra- 
duate and (x+ 20 ) grammes of acid and water in the 
second. After the second operation there will remain 
Va (#+ 20 ) grammes of fluid in the second graduate 
and the amount in the first will be 

„ 2 . _ 5x — 20 

x — 20 + 3 (# + 20 ) — £ 







Since it is known that in the end there was four 
times as much fluid in the first as in the second, we 
shall have 




(x + 20) = 



5r — 20 
3 



hence £=100, i.e., there were 100 grammes in each 
graduate. 

37. Let us assume that originally I had x rubles 
and y 20-kopek coins. 

Going shopping, I had 

(lOOx + 20 y) kopeks 

I returned with only 
(100 y + 20x) kopeks 

This last sum, as we know, is one-third of the ori- 
ginal. Therefore, 

3(100y + 20x) = tQOx + 20 y 

Simplifying, we have 

* = 7 y 

If j/ = 1, then £=7. Assuming this is so, I had 7 
rubles 20 kopeks when I set out shopping. This is 
wrong, for the problem says I had “about 15 rubles”. 

Let us see what we get if p = 2. Then £=-14. The 
original sum was 14 rubles 40 kopeks, which accords 
with the conditions of the problem. 

If we assume that y= 3, then the sum will be too 
big — 21 rubles 60 kopeks. 

Therefore, the only suitable answer is 14 rubles 
40 kopeks. After shopping I had two one-ruble notes 
and 14 twenty-kopek coins, i.e., 200+280=480 ko- 
peks. That is indeed one-third of the original sum 
(1,440 : 3 =480). 

My purchases, therefore, cost 1,440—480 =960, 
that is 9 rubles 60 kopeks. 




Chapter 




Counting 



8. Do you know how to count? — Anyone over three 

years of age will probably consider himself insulted 
if he is asked that. Indeed, one requires no skill wha- 
tever to say 1, 2, 3, etc. And yet I am sure that 
sometimes you find counting rather complicated. It 
all depends, of course, on what you have to count. 
For instance, it is not difficult to count nails in a 
box. But just suppose that apart from the nails the 
box also contains a number of screws and you are 
asked to find out how many of each there are. What 
will you do then? Separate the nails from the screws 
and then count them? 

That is the task women often face when they take 
washing to a laundry. They have to itemize everything 
and to do that they have to sort out shirts, towels, 
pillow-cases, etc. Having done this rather tiresome 
job, they proceed to count them. 

If that is how r you count things, then you do not 
know how to count. This method is inconvenient, 
bothersome and at times plainly impracticable. It 
isn’t half bad if you have to count nails or clothes. 
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they can easily be sorted out. But just imagine you 
are a forester and are asked how many pines, firs, 
birches and aspens there are on each hectare. Well, 
here it is impossible to sort them out or group them 
by family. What are you going to do: count the pi- 
nes, birches, firs and aspens separately? If you do 
that, you will have to walk around the forest four 
times. 

There is an easier way of doing it — in just one go. 
I shall show ycu how this is done with nails and 
screws. 

To count nails and screws in a box without sorting 
them out, you need, first of all, a pencil and a sheet 
of paper lined out as follows: 



Nalls 


Screws 







Then you start counting. You take a thing out of 
the box and if it is a nail you put a stroke in the ap- 
propriate column. "You do the same in the case of a 
screw, and thus continue until there is nothing left 
in the box. In the end you will have as many strokes 
in the “nail” column as there were nails in the box 
and ditto for the “screw” column. After that, all 
you have to do is add them up. 







Fig. 23 



Fig. 21 



Fig. 22 




Strokes must be 
jotted down in 
lives 




IIow to count 
with squares 




o 



o 



Each square re* 
presents 1 0 



The addition of these strokes may be simplified 
and speeded up if you jot them down in fives in the 
form of little squares (Fig. 21). 

Squares of this sort are best grouped in pairs, i.e. f 
after the first ten strokes jot down the eleventh in a, 
new column. When there are two squares in the se- 
cond column, start the third, etc. You will then have 
your strokes as shown in Fig. 22. 

It is very easy to count them, for you will see right 
away that there are three lots of 10 strokes each, one 
square of 5 and one incomplete figure of 3 strokes, 

i.e., 30 +5 +3 =38. 

You can use other figures too. For instance, a full 
square is often used to represent 10 (Fig. 23). 

In counting trees of different families you follow 
the same rule, only in this case you will have, say, 
four columns instead of two. It is also more conve- 
nient to have horizontal and not vertical columns. 
Take Fig : 24 below as a specimen. 
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Fig. 25 shows what this form will look like when 
filled in. 

After that i f ic xrnnxr one xr to fin/1 t Vi o total of oaoVi 

column: 



Pines .... 53 
Firs .... 79 
Birches ... 46 
Aspens ... 37 

Women can save a lot of time and labour by adop- 
ting this method in itcmi7ing their washing. 

Now you know how best to count different plants 
growing on a plot. You draw a form, writing down 
each different plant in a different column, leaving a 
few columns in reserve for any other plants you may 
come across, and then start counting. A specimen 
form is given in Fig. 2G. 

Then you proceed in exactly the same way as when 
you counted trees in the forest. 

Why count trees in a forest?- -Indeed, why? City 
dwellers, as a rule, think this is impracticable. In 
Lev Tolstoi’s Anna Karenina , Levin, who is quite a 
farmer, talks with Oblonsky, who is about to sell 
a forest. 

"Have you counted the trees?” he asks the latter. 
“What? Count my l roes?” Oblonsky is surprised. 
“Count the sand on the seashore, count the rays of 
the planets— though a lofty genius might....” 

“Well,” Levin interrupts him. “I tell you the lofty 
genius of Ryabinin succeeded. A merchant never pur- 
chases without counting.” 

People count trees* in a forest to determine how 
many cubic metres of timber there are. To do that, 
they do not count all the trees, just part of them, 
say on 0.25 or 0.5 hectare, taking care to choose a 
place with average density of growth and average 




size of trees. For this, one must, of course, have an 
experienced eye It is not enough simply to know 
how many trees of each family theie are It is also 
necessary to know how thick they are* how many of 
them are 25-, 30-, 35 cm thick, etc Thus, the torm 
will probably have more than the four columns we 
give in our simplified version You may well imagine 
how many times we would have to walk around the 
forest to count the trees in the oidinar\ way and 
not in the way we have explained heio 

As you may see, counting is easy and simple when 
you have to count things of the same hind When 
they are not, we have to use the method we have just 
shown you — and many have no idea that such a meth- 
od exists 




Bafflers with Numbers 



Hundred rubles for five. -A stage magician once 
made the following attractive proposal to his au- 
dience. 

“I shall pay 100 rubles to anyone who gives me 
5 rubles in 20 coins- 50 kopek, 20-kopek and 5-kopck 
coins. One hundred for five! Any takers?” 

The auditorium was silent. Some people armed 
themselves with paper and pencil and were evidently 
calculating their chances. No one, it seemed, was 
willing to take the magician at his word. 

“I see you find it too much to pay 5 rubles for 
100,” the magician went on. “All right. I’m ready 
to take 2 rubles in 20 coins and pay you 100 rubles 
for them. Queue up!” 

But no one wanted to queue up. The spectators 
were slow in taking up this chance or making “easy” 
money. 

“What?! You find even 3 rubles too much. Well, 
I’ll reduce it by another ruble— 2 rubles in 20 coins. 
How’s that?” 

And still there were no takers. The magician con- 
tinued: 




“Perhaps you haven’t any small change? It’s all 
right. I’ll trust you. Just write down how many coins 
of each denomination you’ll give me.” 

41. One thousand.— Can you write 1,000 by using eight 

identical digits? 

In doing so you may, in addition to digits, use 
signs of operation. 

42. Twenty-four. — It is very easy to write 24 by using 

three 8’s: 8 -(-8+8. Can you do that by using three 
other identical digits? There is more than one solu- 
tion to this problem. 

43. Thirty.— The number 30 may easily be written by 

three 5’s: 5 x5+5. It is harder to do it by using three 
other identical digits. 

Try it. You may find several solutions. 

44. Missing digits. — In the following multiplication mo- 
re than half of the digits are expressed by *’s. 

* 1 * 

3^2 

* 3 * 

3 * 2 * 

* 2*5 

1 * 8*30 

Can you restore the missing digits? 

45. What are the digits? — Here is another similar pro- 
blem. The task is to find the missing digits in the 
following multiplication 

**5 

j ** 

2**5 

13*0 

*** 

4 * 77 * 

46. Division.— Restore the missing digits in the fol- 
lowing problem: 
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Fi<j. 27 




Write tlic digits in tile circles 



325 

*** 



*-/)** 



*5* 

*5* 



Fig. 28 




A magic star 



Dividing by 11.- Write a number of nine nonrepeti- 
tive digits that, are divisible by 11. 

Write the biggest of such numbers and then th%. 
smallest. 

Tricky multiplication. -Look carefully at the fol- 
lowing example: 

48 X 159 - 7,632 



The interesting thing is that all the nine digits 
are different. 

Gan you give several other similar examples? If 
they do exist at all, how many of them are there? 

49. A number triangle.— Write the nine nonrepetitive 

digits in the circles of this triangle (Fig. 27) in such 
a way as to have a total of 20 on each side. 

50. Another number triangle.— Write the nine nonrepe- 
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titive digits in the circles of the same triangle (Fig. 27), 
but this time the sum on each side must be 17. 

A magic star.— The six-pointed number star 



(Fig. 28) is a 

is the same: 






agic” one — the total in every row 



4 + 6+ 7 + 9 = 26 11+ 6+ 8 + 1 = 26 

4 + 8+12 + 2 = 26 11+ 7+ 5+3 = 26 

9 + 5+10 + 2 = 26 1+12+10 + 3 = 26 



The sum of the numbers at the points, however, 
is different: 

4+11 + 9 + 34 2+1= 30 



Can you perfect the star by placing the numbers 
in the circles in such a way as to make their sum in 
every row and at the points read 26? 



Answers 40 to 51 

40. All the three problems are insoluble. The stage 
magician could well afford to promise any prize money 
for their solution. To prove that, let us turn to al- 
gebra and analyse all three of them. 

Payment of 5 rubles. Let us suppose that it is pos- 
sible and that for this it will be necessary to have 
x number of 50-kopek coins, y number of 20-kopek 
coins and z number of 5-kopek coins. We now have 
the following equation: 

50x + 20 y + 5 z= 500 (or 5 rubles) 

Simplifying this by 5 we obtain: 

10a: + 4y + z = 100 ► 

Moreover, according to the problem, the total 
number of coins is 20; therefore, we have also another 
equation: 




x 4- y + z = 20 

Subtracting this equation from the first we have: 
9x + 3 y = 80 

Dividing this by 3, we get: 

3x + y = 26 — 

u 3 

But 3x, i.e., the number of 50-lcopek coins multi- 
plied by 3, is, of course, an integer. So is y , the num- 
ber of 20-kopek coins. The sum of these two numbers 
cannot be a fractional number. Therefore, it is non- 
sense to presume that the problem can be solved. 
It is insoluble: 

In the same manner the reader may convince him- 
self that the “reduced payment” problems are like- 
wise insoluble. In the first case (3 rubles) we will 
get the following equation: 

3x + y= 13 -i 

And in the second (2 rubles): 

3x + y = 6 “■ 

Both, as you see, are fractional numbers. 

So, the magician risked absolutely nothing by offe- 
ring a big money prize for the solution of these pro- 
blems. He would never have to pay for it. 

It would have been another case if one had to give, 
say, 4 rubles — and* not 5, 3 or 2 — in 20 coins. It would 
have been easy to solve the problem then, and in se- 
ven different ways at that.* 

* Here is one of possible solutions: six 50-kopek coins, 
two 20- kopek coins and twelve 5-kopek coins. 




41. 888+88+8+8+8=1,000. 

There are several other solutions. 

42. Here are two solutions: 

22 + 2 = 24; 3 8 — 3=24 

43. There are three solutions: 

6 x 6 — 6 = 30; 3 3 + 3 = 30; 33 — 3 = 30 

44. The missing digits are restored gradually when 
we use the following, method. 

For convenience's sake let us number each line 



*4* T 

3*2 .* ; ; n 

* 3 * Ill 

3*2* . IV 

*2*5 V 

1*8*30 VI 



It is easy to guess that the last digit in line III 
is 0 ; that is clear from the fact that 0 is at the end of 
line VI. 

We next determine the meaning of the last * in 
line I: it is a digit that gives a number ending with 
0 if multiplied by 2 and with 5 if multiplied by 3 
(the number in line V ends with 5). There is only 
one digit to do that: 5. 

It is further clear that the last digit in line IV is 
0 (compare the last-but-one digits in lines III and 
VT). 

It is not difficult to guess what hides behind * in 
line II: 8 , for it i^ only this digit multiplied by 15 
that gives a number ending with 20 (line IV). 

Finally, it becomes clear that the first * in line I 
is 4, for only 4 multiplied by 8 gives a number that 
begins with 3 (line IV). 
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After that there will be no difficulty in restoring 
the remaining unknown digits: it will suffice to mul- 
tiply the two factors which we have fully determined. 

In the end, we have the following example of 
multiplication: 

415 

382 

830 

3320 

1245 

1 58530 

45. The same method applies to the solution of 
this problem. \Ve get: 

325 

147 

2275 

1300 

325 

47775 

46. Here is the problem with all the digits restored^ 

52650 325 

325 162 

2015 

1950 

650 

650 

47. To solve this problem we must know the rule 
governing the divisibility of a number by 11. A num- 
ber is divisible by 11 if the difference between the 
sums of the odd digits and the even digits, counting 
from the right, is divisible by 11 or equal to 0. 

For example, let us try 23,658,904. 

The sum^of the even digits: 
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3 + 5 + 9 + 4 = 21 

And the sum of the odd digits is: 

2 + 6 + 8 + 0 = 16 

The difference (subtracting the smaller number 
from the bigger, of course): 21 — 16=5 is not divisi- 
ble by 11. Thus, the number is not divisible by 11 
either. 

Let' us try another number, say, 7,344,535: 

3 + 4 + 3 = 10 
7 + 4+ 5+ 5 = 21 

21 — 10 = 11 

Since 11 is divisible by 11, the whole number is 
divisible too. 

Now it is easy to guess in what order we must place 
our nine digits to get a number that is divisible by 11. 
Here is an example: 

352,049,786 

Let us verify it: 

3+2 + 4 + 7+ 6 = 22 
5 + 0 + 9 + 8 = 22 

The difference (22 — 22) is 0. The number we have 
taken is, therefore, divisible by 11. 

The biggest of such number is: 

987,652,413 
The smallest: 

102,347,586 
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48. A patient reader can find nine examples of 
this sort. Here they are: 

12 x 483 = 5,796 48 X 159 -= 7,632 

42 x 138 = 5,796 28 X 157 « 4,396 

18 X 297 = 5,346 4 x 1.738 = 6,952 

27 x 198 = 5.346 4 x 1,963 = 7,852 

39 X 186 7,254 

49 and 50. The solutions are shown in figures 29 and 
30. The digits in the middle of each row may bo trans- 
posed to get other solutions. 



Fig. 29 Fig. 30 




51. To see how the numbers are to be placed, let 
us proceed from the following assumption: 

The sum of the numbers at the points is 26, while 
the total of all the numbers of the star is 78. Therefore, 
the sum of the numbers of the inner hexagon is 78 — 

— 26=52. 

Let us then examine one of the big triangles. The 
sum of the numbers on each of its sides is 26. If we add 
up the three sides we get 26 x3=78. But in this case, 
the numbers at the points will each be counted twice. 
Since the sum of the numbers of the three inner pa- 
irs (i.e., of the inner hexagon) must, as we know, be 
52, then the doubled sum at the points of each triangle 
is 78 — 52=26, or 13 for each triangle. 
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Our search now narrows down. We know, for in- 
stance, that neither 12 nor 11 can occupy the circles 
at the points. Then we can try 10 and immediately 
come to the conclusion that the other two digits must 
be 1 and 2. 

Now all we have to do is follow up and. eventually 
we shall discover the arrangement we are seeking. It 
is shown in Fig. 31. 



Fig. 31 




Chapter 

O. Number Giants 



52. A profitable deal.— We don’t know when or 

where this look place. Perhaps it never did. That’s 
even more probable. Bui whether fact or fable, it is 
an interesting story and well worth hearing (or read- 
ing). 



A millionaire returned home extremely happy: he 
had met a person and the meeting, he said, promised 
to be most profitable. 

“What luck!” he told his family. “It’s true what 
people say: the rich have all the luck. At least I seem 
to have quite a bit of it. And it all happened quite 
unexpectedly. On my way home I met an inconspi- 
cuous person and probably I’d not have noticed him. 
But he learned that I was rich and approached me with 
a proposition. And that proposition, let me tell you, 
took my breath away. 

“‘Let’s make a deal,’ he said. ‘Every day for a 
month I’ll bring you 100,000 rubles. Of course, 1*11 
want something in return, but very little/ On the 
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first day, he said, I’d have to pay him — it’s too ridi- 
culous to be true — just one kopek. I couldn’t believe 
my ears. 

“‘Just one kopek?’ I asked him. 

“‘Just one,’ he confirmed. ‘For the second 100,000 
rubles you must pay me 2 kopeks.’ 

“‘And then?’ I asked impatiently. ‘What then?’ 
“‘Well, for the third 100,000 rubles you pay me 4 
kopeks, for the fourth 8 kopeks, for the fifth 16 ko- 
peks. And so every day you must pay me double of 
what you paid on the previous day.’ 

“‘And then what?* 

“‘Nothing. That’s all. I won’t ask for any more. 
Only you must abide by the agreement. Every day 
I’ll bring you 100,000 rubles and every day you must 
pay me the sum we’ve agreed upon. The only stipulati- 
on is that you don’t give up before the month is over.’ 
“Just think! He’s giving away hundreds of thousands 
of rubles for a few kopeks. He’s either a counterfeiter 
or a madman. Whatever he is, the deal is profitable. 
Can’t afford to miss it. 

“‘All right.’ I told him. ‘Bring your money. I’ll 
pay you what you’re asking for. Only don’t cheat me, 
don’t bring any counterfeit notes.’ 

“‘Don’t worry,’ he answered. ‘You may expect me 
tomorrow morning. ’ 

“Only I’m afraid he won’t come. He’s probably 
realized that he’s done a silly thing. We’ll see. To- 
morrow isn’t far away.” 



Early next morning there was a knock at the win- 
dow. It was the stranger. 

“Got your kopek ready?” he asked. “I’ve brought 
the money I promised.” 
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“Just one kopek....* 



True enough. The moment he came in, he took out 
a bundle of money, counted out 100,000 rubles— real 
at that — and said: 

“Here's the sum as we have agreed. Now give me my 
kopek. ” 

The millionaire .put a copper coin on the table, bis 
heart in his mouth, lest the stranger should change his 
mind and demand his money hack. The visitor took 
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the coin, weighed it in his palm and put it into his 

“I’ll be here tomorrow at the same hour. Don’t for- 
get to have two kopeks ready.” 

The rich man couldn’t believe his good luck: 100,000 
rubles right from the moonl He counted the money, 
convinced himself that it was all there, without any 
counterfeit notes. After that he put it away, happily 
anticipating the next day. 

In the night he started worrying. What if the stran- 
ger was a bandit in disguise and had only come to 
find out where he, the millionaire, kept his wealth, 
to rob him later on? 

The rich man got up, bolted the doors more secur- 
ely, repeatedly looked out of the windows, jumped 
up nervously every time he heard some noise and for 
a long time could not fall asleep. In the morning 
there was a knock at the window: the stranger was 
back. lie counted off another 100,000 rubles, took 
the two kopeks promised him, put them in his bag 
and went off, saying: 

“Don’t forget to have four kopeks ready tomor- 
row. ” 

The rich man was happy beyond words — another 
100,000 rubles in his pocket! And this time the visitor 
did not look like a bandit. In fact the millionaire no 
longer thought he was suspicious-looking. All he want- 
ed was his few kopeks. What a crank! Should there 
be more of them in this world, then clever people 
would always live well.... 

The stranger was on the dot on the third day, too, 
and the millionaire got his third 100,000 rubles, this 
time for 4 kopeks. 

Another day, another 100,000 rubles — for 8 kopeks. 

For the fifth 100,000 rubles the rich man paid 16 ko- 
peks, and 32 kopeks for the sixth. 
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In the first seven days the millionaire received 
700,000 rubles, paying a mere pittance for them: 

1 + 24 4 + 8 +- 16 + 32 -f 64 =-- 1 ruble 27 kopeks 

The greedy man found this very much to his liking 
and the only thing he was sorry about was that the ag- 
reement was' for only one month. That meant he would 
receive only 3,000,000 rubles. Shouldn’t he try to 
talk the stranger into prolonging the agreement? No, 
better not. The man might realize that he was giving 
money away for nothing. 

Meanwhile, the stranger continued to come every 
morning with his 100,000 rubles. On the eighth day ho 
received 1 rub It 28 kopeks, on the ninth — 2.56, on 
the tenth — 5.12, on the eleventh — 10.24, on the 
twelfth — 20.48, on the thirteenth — 40.96 and on the 
fourteenth day — 81.92. 

The rich man paid readily. Hadn’t he already re- 
ceived 1,400,000 rubles for something like 150 rub- 
les? 

But his joy was short-lived: ho soon saw that the 
deal was not so profitable as it seemed. After 15 days 
he already had to pay hundreds of rubles, and not 
kopeks, and the payment sums were fast increasing. 
In fact this is what he paid: 



For the fifteenth 100,000 rubles . . 163.84 

For the sixteenth 100,000 rubles . . 327.68 

For the seventeenth 100,000 rubles 655.36 

For the eighteenth 100,000 rubles . 1,310.72 

For the nineteenth 100,000 rubles . 2,621.44 



Still, he was not losing yet. True, he had paid more 
than 5,000 rubles, but then hadn’t he received 1,800,000 
rubles in return? 

The profit, however, was daily decreasing — and by 
leaps and ^bounds. 
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Here is what the rich man paid after that: 



For tlie twentieth 100,000 rubles 5,242.88 

For the twenty-first 100,000 rubles 10,485.76 

For the twenty-second 100,000 rubles 20,971.52 

For the twenty-third 100,000 rubles 41,943.04 

For the twenty-fourth 100,000 rubles 83,886.08 

For the twenty-fifth 100,000 rubies 167,772.16 

For the twenty-sixth 100,000 rubles 335,544.32 

For the twenty-seventh 100,000 rubles 671,088.64 



Now he was paying very much more than receiving. 
It was time he should stop, but he could not violate 
the agreement. 

And things went from bad to worse. All too late 
did the millionaire realize that the stranger had cru- 
elly outwitted him, and that he would pay far more 
than he received. 

On the 28th day the rich man had to pay over a mil- 
lion and the last two payments ruined him. They 
were astronomic: 

V 

For the twenty-eighth 100,000 rubles . . 1,342,177.28 
For the twenty-ninth 100,000 rubles . . 2,684,354.56 
For the thirtieth 100,000 rubles .... 5,368,709.12 

When the visitor left for the last time, the millio- 
naire sat down to count how much he had paid for 
the 3,000,000 rubles. The result was: 

10,737,418 rubles 23 kopeks 

Only a little short of 11 million rubles! And it had 
all started with one kopek. The stranger would not 
have lost a kopek even if he had given him 300,000 
rubles a day. 
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Before I finish with this story I shall show you a 
faster way of computing the millionaire’s loss, i.e., a 
faster way of adding up the numbers: 

1 "l - 2 + 4 S + 16 “1“ 32 + 64, etc* 

It is not difficult no notice the following property 
of these numbers: 

1 = 1 
2 = 1 + 1 
4 = (1 + 2) + 1 
8 = (1 + 2 + 4) + 1 
16 = (1 + 2 + 4 + 8) + 1 
32 = (1 + 2 + 4 + 8 + 16) + 1, etc. 

We see that each number is equal to the sum of the 
preceding ones plus 1 . Therefore, when we have to add 
all the numbers, for instance, from 1 to 32,768, we 
add to the last number (32,768) the sum of all the pre- 
ceding ones or, in other words, the same number minus 
1 (32,768—1). The result is 65,535. 

Working by this method we can find out how much 
the millionaire has paid as soon as wo know what he 
handed over the last time. Ilis last payment is 
5,368,709 rubles 12 kopeks. Thus, adding 5,368,709.12 
and 5,368,709.11, we get the result we are seeking: 
10,737,418.23. 

53. Rumours.— It is astonishing indeed how fast rumour 

spreads. Sometimes an incident or accident witnessed 
by just a few persons becomes the talk of the town 
within less than two hours. This extraordinary speed 
seems more than astonishing, oven puzzling. 

And yet, if you consider the whole thing arithmetic- 
ally. you will see that there is really nothing wonder- 
ful about it— the thing becomes clear as day. 

Let us analyse the following case. 







Fig. 33 
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How rumours spread 



A man living in the capital comes to a town with 
about 50,000 inhabitants at 8 a. in. and brings an 
interesting bit of news. At the house where he has 
stopped, he tells it to just three persons. This takes 
up, say, 15 minutes. 

And so at 8.15 a.m. the news is known to just four 
persons: the newcomer and three local residents. 

Each of the three hastens to tell it to three others. 
That takes another 15 minutes. In other words, half 
an hour later the news is the common knowledge 
of 4+ (3 x3) = 13 persons. 

In their turn, each of the nine persons who have 
learned the news last pass it on to three friends. 
By 8 .45 a.m. the news is known to 
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13 + (3 x 9) = 40 residents 

If the rumour continues to spread in the same man- 
ner, i.e., if everyone who hears it passes it on to three 
others within the next 15 minutes, the result will be 
as follows: 

By 9 a.m. the news will be known to 40-f- (3x27)= 121 persons 

By 9.15 a.m. the news will be known to 121+ (3X81)=364 

persons 

By 9.30 a.m. the news will bo known to 364+ (3 X 

X243)= 1,093 persons 

In other words, within one and a half hours the news 
will be known to almost 1,100 persons. That does not 
seem too much for a towu with a population of 50,000. 
In fact, some may think it will take quite a long time 
before the whole town knows it. Let us see how fast 
it will continue to spread: 

By 9.15 a.m. the news will be known to 1 ,093+(3X729)= 

=3,280 persons 

By 10 a.m. the nows will be known to 3, 280-j (3X2,187) = 

=9,841 persons 

In the next 15 minutes it will be the property of 
more than half of the town’s population: 

9,841 + (3 x 6,561) = 29,524 persons 

And this means that the news that only one man 
knew at 8 a. m. will be known to the entire town 
before it is 10.30 a.m. 



Let us see now how that is calculated. The whole 
thing boils down to the addition of the following num- 
bers: 

1 + 3 + (3 X 3) + (3 x 3 X *^) (3 X 3 X 3 X 3), etc. 

Perhaps there is an easier way of computing this 
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number, like the one we need before (14-2+44-8, 
etc.)? There is, if we take into account the following 
peculiarity of the numbers we are adding: 

1 = 1 

3=1 X2+ 1 

9=*(l + 3) x 24 1 

27 = (1 + 3 + 9) X 2 + 1 

81 = (1 4 3 + 9 + 27) X 2 4 1, etc. 

In other words, each number is equal to double the 
total of the preceding plus 1. 

Hence, to find the sum of all our numbers, from 1 to 
any number, it is enough to add to this last number 
half of itself (minus 1). For instance, the sum total 
of 

1 4 3 + 9 + 27 + 81 + 243 + 729 

equals 7294-half of 728, i.e., 729(364-1,093. 



In our case, each resident passes the news to only 
three others. But if the residents of the town were 
more talkative and shared it not with three, but with 
five or even ten, the rumour would spread much fas- 
ter. In the case of five, the picturo would be as fol- 
lows: 



At 8 a m. the news is known to 



By 8 15 a m. 
By 8.30 a.m. 
By 8.45 a m. 
By 9 a.m. . 
By 9.15 a.m. 
By 9.30 a.m. 



6+C5X5) . 

31-K25X5) . . 

*■ 156+C 125X5) . . 

781-KB25X5) . . 
3.906+C3, 125X5) . . 



1 person 
6 persons 
31 persons 
156 persons 
781 persons 
3,906 persons 
19,531 persons 



In short, it would be known to every one of the 

50,000 residents before 9.45 a.m. 





It would spread a lot faster if each man shared the 
news with ten others. Here we would get these very 
fast -growing numbers: 



At 8 a. 




the news would be known to 



By 8.15 a.m. 
By 8.30 a.m. 
By 8.45 a.m. 
By 9 a.m. . 



1+10 . . 
11+100 . 
111+1,000 . 
1,111+10,000 



1 person 
11 persona 
111 persons 
1,111 persons 
11,111 persons 



m 

The next number is evidently 111,111, and that 
shows that the whole town would have heard the news 
shortly after 9 a.m. The news, in this case, would 
have taken a little over an hour to spread throughout 
the town. 

The bicycle swindle. — In pre-revolutionary Russia 
there were firms which resorted to an ingenious way 
of disposing of average-quality goods. The whole 
thing would begin with an ad something like the fol- 
lowing in popular newspapers and magazines: 



A BICYCLE FOR 10 RUBLES! 

You can get a bicycle for only 10 rubles 
Take advantage of Ibis rare chance 

10 RUBLES INSTEAD OF 50 

CONDITIONS SUPPLIED FREE ON 

APPLICATION 



There were many, of course, who fell for the bait and 
wrote for the conditions. In return they would receive 
a detailed catalogue. 

What the person got for his 10 rubles was not a 
bicycle, but four coupons which he was told to sell 








to his friends at 10 rubles each. The 40 rubles he thus 
collected he remitted to the company which then sent 
him the bicycle. And so, the man really paid only 
10 rubles. The other 40 came from the pockets of his 
friends. True, apart from paying these 10 rubles, the 
purchaser had to go through quite a bit of trouble 
finding people who would buy the other four coupons, 
but then that did not cost him anything. 

What were these coupons? What advantages did the 
purchaser get for his 10 rubles? He bought himself 
the right of exchanging this coupon for five similar 
coupons; in other words, he paid for the opportunity 
of collecting 50 rubles to purchase a bicycle which, 
in reality, cost him only 10 rubles, the sum he paid 
for the coupon. The new possessors of the coupons, 
in their turn, received five coupons each for further 
distribution, etc. 

At the first glance, there was nothing fraudulent in 
the whole affair. The advertiser kept his promise: the 
bicycle really cost its purchaser only 10 rubles. Nor 
was the firm losing any money — it got the full price 
for its goods. 

And yet, the thing was an obvious swindle. For 
this “avalanche”, as it was called in Russia, caused 
losses to a great many people who were unable to sell 
the coupons they had purchased. It was these people 
who paid the firm the difference. Sooner or later, 
there came a moment when coupon-holders found it 
impossible to dispose of the coupons. That this was 
bound to happen you can see if you arm yourself 
with a pencil and a sheet of paper and calculate how 
fast the number of coupon-holders increased. 

The first group of purchasers, receiving their cou- 
pons direct from the firm, usually had no difficulty 
in finding other buyers. Each member of this group 
drew four new participants into the deal. 







The latter had to dispose of their coupons to 20 
others (4 x5) and to do that they had to convince them 
of the advantages of the purchase. Let us suppose that 
they were successful and that another 20 new parti- 
cipants were recruited. 

The avalanche gathered momentum, and the 20 new 
holders of coupons had to distribute them among 
20 x5=100 others. 

So far each of the original holders had drawn 
1+4+20+100=125 others into the game, and of 
these 25 received bicycles and the other 100 were 
given the hope of getting one — a hope for which they 
paid 10 rubles each. 

The avalanche now smashed out of a narrow circle 
of friends and spread throughout the town where, 
however, it became increasingly hard to find new cus- 
tomers. The last 100 purchasers had to sell their cou- 
pons to 500 new victims who, in their turn, had to 
recruit another 2,500. The town was being flooded 
with coupons and it was becoming difficult indeed 
to find someone willing to buy them. 

You will see that the number of the people drawn 
into the “bargain” increases along rumour-spreading $ 
lines (sec above). Here is the pyramid of numbers 
we get: 

1 

4 

20 

100 

500 

2,500 

12.500 

62.500 

If the town is big and the number of bicycle-riding 
people is 62,500, then the avalanche should peter out 
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in the 8th round. By that time every person will have 
been drawn into the scheme. But only one-fifth will 
get bicycles, the rest will be in possession of coupons 
which they have no earthly chance to dispose of. 



o- 



In a town with a bigger population, even in a 
dem capital with millions of people, the end comes 
only a few rounds later, because the pyramid of num- 
bers grows with incredible speed. Here are the figures 
from the ninth round up: 



312,500 

1.562.500 

7.812.500 

39,062,500 

In the 12th round, as you see, the scheme will have 
inveigled the population of a whole country, and four- 
fifths will have been swindled by the perpetrators 
of the fraud. 

Let us see what they gain. They compel four-fifths 
of the population to pay for the goods bought by the 
remaining one-fifth, i.e., the former become the bene- 
factors of the latter. 

Moreover, they get a whole army of volunteer sa- 
lesmen— and zealous salesmen at that. A Russian 
writer justly called the affair “the avalanche of mu- 
tual fraud”. And all that can be said of the thing is 
that people, who do not know how to calculate to 
guard themselves against frauds, are usually the ones 
who suffer. 

Reward*— Here is what, legend says, happened in an- 
cient Rome.* * 



* This is a liberal translation from a Latin manuscript 
in the keeping of a private library in England. 





The Roman general Terentius returned home from 
a victorious campaign with trophies and asked for 
an audience with the emperor. 

The latter received him very kindly, thanked 
him. for what he had done for the empire and pro- 
mised him a place in the Senate that would befit his 
dignity. 

But that was not the reward Terentius wanted. 

“I have won many a victory to enhance thy might 
and glorify thy name,” he said. “I have not been af- 
raid of death, and had 1 had more lives than one I 
would have willingly sacrificed them for thee. But I 
am tired of fighting. I am no longer young and the 
blood in my veins is no longer hot. It is time I retired 
to the home of my ancestors and enjoyed life.” 

“What wouldst thou like then, Terentius?” the em- 
peror asked. 

“I pray thy indulgence, O Caesar! 1 have been a 
warrior almost all my life, I have stained my sword 
with blood, but 1 have had no time to build up a for- 
tune. I am a poor man....” e 

“Continue, brave Terentius,” the emperor urged 
him. 

“If thou wouldst reward thy servant, ” the encouraged 
general went on, “let thy generosity help me to live 
my last days in peace and plenty. I do not seek ho- 
nours or a high position in the almighty Senate. I 
should like to retire from power and society to rest 
in peace. O Caesar, give me enough money to live 
the rest of my days in comfort.” 

The emperor, the legend says, was not a generous 
man. He was a miser, in fact, and it hurt him to part 
with money. He thought for a moment before an- 
swering the general. 
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“What is the sum thou wouldst consider adequate?” 
he finally asked. 

“A million denarii, O Caesar.” 

The emperor again fell silent. The general waited, 
his head low. 

“Valiant Terentius,” the emperor said at last. “Thou 
art a great general and thy glorious deeds indeed de- 
serve a worthy reward. I shall give thee riches. Thou 
wilt hear my decision at noon tomorrow.” 

Terentius bowed and left. 



The next day Terentius returned to the palace. 

“Hail, O brave Terentius!” the emperor said. 

The general bowed reverently. 

“I have come, O Caesar, to hear thy decision. Thou 
hast graciously promised to reward me.” 

“Yes,” the emperor answered. “I would not want a 
noble warrior like thee to receive a niggardly reward* 
Hark to me. In my treasury there are 5 million brass 
coins worth a million denarii. Now listen carefully. 
Thou wilt go to my treasury, take one coin and bring 
it here. On the next day thou wilt go to the treasury 
again and take another coin worth twice the first and 
place it beside the first. On the third day thou wilt 
get a coin worth four times the first, on the fourth 
day eight times, on the fifth sixteen times, and so 
on. I shall order to have coins of the required value 
minted for thee every day. And so long as thou hast 
the strength, thou mayst take the coins out of my 
treasury. But thou nthst do it thyself, without any 
help. And when thou canst no longer lift the coin, 
stop. Our agreement will have ended then, but all 
the coins thou wilt have taken out will be thy re- 
ward. ” 




Terentius listened greedily to the emperor. In his 
imagination he saw the huge number of coins he would 
take out of the treasury. 

“I am thankful for thy generosity, O Caesar,” he 
answered happily. “Thy reward is wonderful indeed!” 



And so Terentius began his daily pilgrimages to the 
treasury near the emperor’s audience hall, and it was 
not difficult to bring the first coins there. 

On the first day Terentius took a small coin that 
was 21 millimetres in diameter and weighed 5 gram- 
mes. 

Carrying his second, third, fourth, fifth and sixth 
coins was quite easy too, for all they weighed was 
10, 20, 40, 80 and 160 grammes. 

The seventh coin weighed 320 grammes and was 
8 V 2 cm (or, to be exact, 84 millimetres*) in diameter. 

On the eighth day Terentius had to take a coin worth 
128 original coins. It weighed 640 grammes and was 
about 10 1 /* centimetres in diameter. 

On the ninth day he brought to the emperor a coin 
worth 256 times the first coin, weighing more than 
1.250 kilograms and being 13 centimetres in diameter. 

On the twelfth day the coin was almost 27 centi- 
metres in diameter and weighed 10.250 kilograms. 

The emperor, who had always greeted him graci- 
ously, found it hard to conceal his triumph. He saw 
that Terentius had been 12 times to the treasury and 
had brought back only a little over 2,000 brass coins. 

The thirteenth day gave Terentius a coin worth 



* If the coin is 64 times heavier than the ordinary one, 
it is only four times greater in diameter and thickness, be- 
cause 4x4x4=64. This should be remembered as we calculate 
the size of the coins later on in the story. 
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4,096 original coins. It was about 34 centimetres in 
diameter and weighed 20.5 kilograms. The next day 
the coin was still heavier and bigger: 41 kilograms in 
weight and 42 centimetres in diameter. 

"Art thou not tired, my brave Terentius? ” the empe- 
ror asked, hardly able to abstain from smiling. 

“No, Caesar,*’ the general answered, frowning and 
wiping the sweat off his brow. 

Then came the fifteenth day. The burden was hea- 
vier than ever and Terentius made his way slowly* 
to the audience room, carrying a coin that was worth 
16,384 original coins. It was 53 centimetres in diame- 
ter and weighed 80 kilograms — the weight of a tall 
warrior. 

On the sixteenth day the general's legs shook as he 
carried the burden on his back. It was a coin worth 
32,768 original coins and weighing 164 kilograms. 
Its diameter was 67 centimetres. 

Terentius came to the audience hall breathing hard 
and looking very tired. The emperor met him with 
a smile.... 

When the general returned there on the following 
day, he was greeted with laughter. He could no longer 
carry the coin and had to roll it in. It was 84 centi- 
metres in diameter, weighed 328 kilograms and was 
worth 65,536 original coins. 

The eighteenth day was the last day he could enrich 
himself. His visits to the treasury and thence to the 
audience hall came to an end. This time lie had to 
bring a coin worth 131,072 original coins, more than 
a metre in diameter and weighing 655 kilograms. 
Using his spear as a ^steering lever he rolled the coin 
in. It fell with a thud at the emperor's feet. 

Terentius was completely exhausted. 

“Enough...” he gasped. 

The emperor could bardly restrain himself from laugh- 
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The seventeenth coin 



ing with delight. He had outwitted the general. 
Later he ordered the treasurer to calculate how much 
Terentius had taken out of the treasury. 

The treasurer did so. 

“Thanks to thy generosity, 0 Caesar, the valiant^ 
Terentius hath received 262,143 brass coins as a re* 
ward. ” 

And so, the stingy emperor paid the general some* 
thing like one-twentieth of the million denarii the 
latter had asked for. 



Let us check on the treasurer and, at the same time* 
the weight of the coins. What Terentius took out of 
the treasury was: 



-75 
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On the first day 
On the second day 
On the third day 
On the fourth day 
On the fifth day 

On the sixth day 
On the seventh day 
On the eighth day 
On the ninth day 
On the tenth day 



The equivalent of 

1 coin weighing 

2 coins weighing 
4 coins weighing 
8 coins weighing 
16 coins weighing 

32 coins weighing 
64 coins weighing 
128 coins weighing 
256 coins weighing 
512 coins weighing 




160 g 

320 g 
640 g 
1.280 kg 
2.560 kg 



On the 11th day 
On the 12lh day 
On the 13th day 
On the 14th day 
On the 15th day 



1,024 coins weighing 
2,048 coins weighing 
4,096 coins weighing 
8,192 coins weighing 
16,384 coins weighing 



5.120 kg 
10.240 kg 
20.480 kg 
40.960 kg 
81.920 kg 



On the 16th day 32,768 coins weighing 

On the 17th day 65,536 coins weighing 

On the 18th day 131,072 coins weighing 



163.840 kg 
327 . 680 kg 
655 . 360 kg 



We already know how simple it is to calculate the 
sum of the numbers of the second column (the same 
rule as the one applied on page 85). In this case it 
is 262,143. Terentius asked for 1,000,000 denarii, 
i.e., 5,000,000 brass coins. Instead, he received: 

5,000,000 : 262,143 ^ 19 times less 

56. The legend about a checkered board.— Chess is one of 

the oldest games in the world. It was invented many, 
many centuries ago and it is not surprising, therefore, 
that there are so many legends about it— legends that 
it is, of course, impossible to verify. I should like 
to relate one of them. It is not necessary to know 
how to play chess to understand the legend: it is eno- 
ugh to know that it is played on a checkered board 
with 64 squares. 
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Chess, legend has it, comes from India. 

King Sheram was thrilled by the huge number of 
clever moves one could make in the game. 

Learning that its author was one of his subjects, he 
commanded the man to be brought before him in order 
to reward him personally for his marvellous invention. 

The inventor, a man called Sessa, appeared before 
the king — a simply clad scholar who made his living 
by teaching. 

“I wish to reward thee well for thy wonderful in- 
vention, ” the king greeted Sessa. 

The sage bowed. 

“I am rich enough,” the king continued, “to satisfy 
thy most cherished wish. Just name what thou 
wouldst have and thou shalt have it.” 

Sessa was silent. 

“Don’t be shy,” the king encouraged him. “Say 
what thou wouldst like to have. I shall spare nothing 
to satisfy thy wish.” 

“Thy kindness knows no bounds, O Sire,” the scho- 
lar replied. “But give me time to consider my reply. 
Tomorrow, after I have well thought about it, I shall 
tell thee my request.” 

The next day Sessa surprised the king by his ex- 
tremely modest request. 

“Sire,” he said, “I should like to have one grain of 
wheat for the first square on the chessboard.” 

“A grain of ordinary wheat?” The king could hardly 
believe his ears. 

“Yes, Sire. Two for the second, four for the third, 
eight for the fourth, 16 for the fifth, 32 for the sixth....” 

“Enough,” the king was irritated. “Thou shalt get 
thy grains for all the 64 squares of the chessboard as 
thou wishes*: every day double the amount of the 
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preceding day. But know thou that thy request is 
not worthy of my generosity. By asking for such a 
trite reward thou hast shown disrespect for me. Truly 
as a teacher, thou couldst have shown a better exam- 
ple of respect for thy king’s kindness. Go! My ser- 
vants shall bring thee thy sack of grain. ” 

Sessa smiled and went out, and then waited at the 
gate for his reward. 



At dinner the king remembered Sessa and inquired 
whether the “foolhardy” inventor had been given his 
miserable reward. 

“Sire,” he was told, “thy command is being carried 
out. Thy sages are calculating the number of grains 
he is to receive.” 

The king frowned. He was not accustomed to seeing 
his commands fulfilled so slowly. 

In the evening, before going to bed, the king again 
asked whether Sessa had been given his bag of grain. 

“Sire,” was the reply, “thy mathematicians are 
working incessantly and hope to compute the sum ere 
dawn breaks.” 

“Why are they so slow?” the king demanded an- 
grily. “Before I awake Sessa must be paid in full, 
to the last grain. I do not command twice!” 

In the morning, the king was told that the chief 
court mathematician had asked for an audience. 

The king ordered him to be admitted. 

“Before thou tellpst me what thou hast come for,” 
King Sheram began, “I want to know whether Sessa 
has been given the niggardly reward he asked for.” 

“It is because of this that I have dared come before 
thy eyes so early in the morning,” the old sage re- 
plied. “We have worked conscientiously to calculate 
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Fig. 35 





“Two for the second....** 



the number of grains Sessa wants. It is tremendous, 
indeed....” 

“However tremendous,” the king interrupted him 
impatiently, “my granaries can easily stand it. The 
reward has been promised and must be paid!” 

“It is not within thy power, O Sire, to satisfy Ses- 
sa ’s wish. Thy granaries do not hold the amount of grain 
Sessa has asked for. There is not that much grain in the 
whole of thy kingdom; in fact, in the whole world. 
And if thou wouldst keep thy word, thou must order 
all the land in the world to be turned into wheat 
fields, all the seas and oceans drained, all the ice and 
snow in the distant northern deserts melted. And if 
all this land is sown to wheat, then perhaps there 
will be enough grain to give Sessa.” 

The king listened awe-struck to the wise man. 
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“Name this giant number,” he said thoughtfully. 

“It is 18,446,744,073,709,551,615, O Sire ! ” the sage 
replied. 



So goes the legend We do not know whether it was 
really so, but that the rewaul would run into such a 
number is not difficult to see with a little patience 
we can calculate it oui selves Starting with one we 
must add up the numbers 1, 2, 4, 8, etc The result 
of the 63rd power of 2 will show us how much the m 
ventor was to receive for the 64th square Following 
the pattern shown on page 85 we shall easily find the 
number of grains if we And the value of 2 a4 and sub- 
tract 1 

In other words, we must multiply 64 2’s 
2 X 2 X 2 X 2 X 2 X 2, etc , 64 times 

To facilitate calculation we shall divide these 64 
factors into 6 groups of 10 2’s, the last group to con 
tain 4 2's The product of ten 2’s is 1,024, and of four 
2's is 16 Hence, tho value we seek is 

1,024 X 1,024 X 1,024 X 1,024 X 1,024 X 1,024 X 16 

Multiplying 1,024 by 1,024 we get 1,048,576 
What we have to find now is 

1,048,576 X 1,048,576 X 1.048,576 X 16 

and subtract 1 from the result— and then we shall 
know the number of grains: 

18,446,744.073,709,551,615 

If you want to have a clear picture of what this 



giant number is really like, just imagine the size of 
the granary that will be required to store all this 
grain. It is well known that a cubic metre of wheat 
contains 15,000,000 grains. Hence, the reward asked 
by the inventor of chess would require a granary 
of approximately 12,000,000,000,000 cubic metres 
or 12,000 cubic kilometres. If we take a granary 4 
metres in height and 10 metres in width, its length 
must be 300,000,000 kilometres, i.e., twice the dist- 
ance from the earth to the sun. 

The king was unable to satisfy Sessa ’s request. But 
had he been clever in mathematics, he would have 
easily avoided promising such a huge reward — all 
he should have done was to offer Sessa to count the 
grains himself— one by one. 

Indeed, if Sessa had counted the grain day and 
night, without stopping, taking a second for each grain, 
he would have counted 86,400 grains on the first day. 
One million grains would have taken him no fewer 
than 10 days to count. He would have taken about 
six months to count the grains in one cubic metre of 
wheat — that would have given him 27 bushels. Count- 
ing without interruption for 10 years, he would have 
counted off about 550 bushels. You will see that even 
if Sessa had devoted all the remaining years of his 
life to counting the grain, he would have got only 
an insignificant part of the reward. 

Rapid reproduction. — A ripe poppy is full of minute 
seeds, and from each a new plant may be grown. How 
many poppy plants would we have if all the seeds we 
planted grew into plants? To find this, we must know 
how many seeds there are in each poppy. A tedious 
job, perhaps, but the result is so interesting that it is 
well worth while to arm oneself with patience and 
do the job thoroughly. First, you will find that each 
poppy has on the average 3,000 seeds. 







What next? You will observe that if there is enough 
arable land around our poppy plant, each seed will 
grow into a plant and that will give us 3,000 plants 
by the following summer. A whole poppy field from 
just one poppy. 

Let us see what comes next. Each of these 3,000 
plants will bring us at least one poppy (very often 
more) with 3,000 seeds. Grown into plants, they will 
each give us 3,000 new plants. Hence, at the end of 
the second year we shall have no fewer than 

3,000 X 3,000 — 9,000,000 plants 

Jt is easy to calculate that at the end of the third 
year the progeny of our single poppy will be: 

9.000. 000 X 3,000 = 27,000,000,000 

And at the end of the fourth: 

27.000. 000.000 X 3,000= 81,000,000,000,000 

At the end of the fifth year there will not be enough 
space on earth for our poppies, for the number will 
then be: 

81.000. 000.000.000 X 3,000 =243,000,000,000,000,000 

And the entire surface of the earth, i.e., of all the 
continents and islands, is only 135,000,000 square 
kilometres or 135,000,000,000,000 square metres and 
that is approximately 2,000 times less than the num- 
ber of poppy plants that will have grown by then. 

You will see that if all the poppy seeds were to 
grow into plants, the progeny of one poppy would 
cover the entire land surface of the globe within five 
years — with 2,000 to a square metre. The little poppy 
seed does conceal a giant number, doesn't it? 

We can try the same thing with some other plant 
that yields fewer seeds, and yet come to the same re* 




suit — only its progeny would then take slightly lon- 
ger than five years to cover the entire surface of the 
earth. For instance, take a dandelion that yields on 
the average 100 seeds a year*. If all these seeds grew 
into plants, we would have: 



At the end of the first year . 
At the end of the second year . 
At the end of the third year . 
At the end of the fourth year 
At the end of the fifth year . . 
At the end of the sixth year . . 
At the end of the seventh year . 
At the end of the eighth year . . 
At the end of the ninth year . . 



1 plant 
100 plants 
10,000 plants 

1,000,000 plants 

100,000,000 plants 

10,000,000,000 plants 
1, (XX), 000, 000 ,000 plants 

100,000,000,000,000 plants 

10,000,000,000,000,000 plants 



This is 70 times more than there are square metres 
on the entire land surface of the globe. 

Therefore, at the end of the ninth year all the con- 
tinents would be covered with dandelions — 70 of them 
to a square metre. 

Then how is it that this docs not happen? The rea- 
son is simple- the overwhelming majority of seeds 
perish before they give root to new plants — they either 
fall on sterile soil, are stifled by other plants if they 
do take root or are destroyed by animals. If there 
were no mass destruction of seeds and plants, each 
of them would cover our planet in no time at all. 

All this applies not only to plants, but to animals 
too. If they did not die, the earth would sooner or 
later be overcrowded with the progeny of just one 
pair of animals. The locust swarms that cover vast areas 
are graphic evidence of what would happen if death 
did not hinder the growth of living organisms* Within 
a score or so years, our continents would be covered 
with forests and steppes teeming with millions of 



* There are dandelions that yield up to 200 seeds, though 
they are rare.' 




animals, fighting each other for living space. The 
oceans would have so much fish in them that naviga- 
tion would be out of question, and we would hardly 
sec daylight for the multitude of birds and flies swarm- 
ing in the air. 

Let us take, for instance, the common fly which is 
appallingly prolific. Suppose that each female fly lays 
120 eggs and that in the course of the summer out of 
these 120 eggs 7 generations of flies will hatch — half 
of them female. Let us suppose that the first eggs are 
laid on April 15 and that the female flies hatched grow 
sufficiently within 20 days to lay eggs themselves. 
The picture will be as follows: 

On April 15, a female fly lays 120 eggs; at the be- 
ginning of May there will hatch 120 flies, 60 of them 
female. 

On May 5, each female lays 120 eggs and in the mid- 
dle of the month there will hatch 60x 120 = 7,200 
flies, 3,600 of them female. 

On May 25, each of these 3,600 female flies will lay 
120 eggs and at the beginning of June there will be 
3,600X120 =432,000 flies, of which 216,000 would be 

female. 

On Juno 14, each of the female flies will lay 120 eggs 
and at the end of the month there will hatch 25,920,000 
flies, including 12,960,000 female flies. 

On July 5, 12,960,000 female flies will lay 120 eggs 
each that will bring 1,555,200,000 flies (777,600,000 
female flies). 

On July 25, there will be 93,312,000,000 flies, 
46,656,000,000 of them female flies. 

On August 13, the dumber will be 5,598,720,000,000, 
of which 2,799,360,000,000 will be female flies. 

On September 1, there will hatch 355,923,200,000,000 
flies. 

To get a clearer picture of this huge mass of flies 




Fig. 36 




In just one summer the des- 
cendants of one fly would 
stretch from the Earth to 
Uranus 



that can hatch in just one summer if nothing were 
done about it and if none were to die, let us see what 
happens if they form a line. A fly is 5 millimetres 
long and this line would be 2,500,000,000 kilometres 
long, i.c., 18 times longer than the distance from the 
earth to the sun (or approximately the distance from 
the earth to Uranus, one of remote planets). 

In conclusion it would be well to cite some facts 
on the extraordinarily rapid reproduction of animals 
in favourable conditions. 

Originally, there were no sparrows in America. They 
were brought to the United States with the express 
aim of destroying pests. Sparrows, as you know, feed 
on voracious caterpillars and other vermin. The spar- 
rows, it seems, liked the country — there were no be- 
asts or birds of prey to destroy them, and they began 
to reproduce at a very fast pace. The number of pests 
grew less and less, but that of sparrows increased by 
leaps and bounds. Eventually there were not enough 
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pests for 
* 



them and they turned to destroying 



A regular war was declared on the sparrows and it 
proved so expensive that legislation was later passed, 
prohibiting the import to the United States of any 
animals. 

And here is an^t^ar example. There were no rabbits 
in Australia discovered by the Europeans. 

The first ra 1 *ght there at the end of the 

18th centu* re were no beasts of prey 

that fed o* tter began to multiply at 

an extreme ^on hordes of rabbits were 

overrunning a destroying crops. The ca- 
lamity became vide, and huge sums of money 

wore spent on the extermination of these rodents. It 
was only the resolute measures taken by the people 
that put an end to the catastrophe. A more or less 
similar thing happened later in California. 

The third story comes from Jamaica. There were a 
great many poisonous snakes there and to destroy them 
it was decided to bring the secretary bird , which is 
known as a rabid enemy of snakes. True, the number 
of snakes soon grew less, but then the number of field 
rats — which the snakes used to devour — began to 
grow. The rodents caused so much damage to sugar- 
cane plantations that the farmers had to declare a 
war of extermination on them and brought four pairs 
of Indian mongooses , which are known as enemies of 
rats. They were allowed freely to reproduce and soon 
the island was full of them. Within some ten years 
they exterminated almost all the rats, but in doing 
that they became omnivorous and began to attack 
puppies, kids, sucking-pigs - and chickens, and to 
destroy eggs. As they grew in number, they swarmed 



* In Hawaii they forced all the other little birds out. 




into orchards, wheat fields and plantations. The in- 
habitants of the island turned against their former 
allies, but succeeded only partially in checking the 
damage. 

58. A free dinner. — Ten young men decided to ce- 
lebrate their graduation from secondary school with 
a dinner at a restaurant. When they got together and 
the first dish was served, they started arguing as to 
which seat each should occupy. Some of them pro- 
posed to do so alphabetically, others according to 
age, still others according to height, etc. The argu- 
ment went on and on, the meal grew cold and still 
none would sit down. The problem was solved by the 
waiter. 

“Listen, my young friends,” he said, “stop arguing. 
Sit down where you are and hear what I have to say.” 

The young men obeyed and the waiter went on. 

“Let one of you write down the order in which you 
are now sitting. Return hero tomorrow and sit down 
in a different order. After tomorrow do it in yet a 
different way, and so on until you have tried all the 
combinations. And when the time again comes for 
you to sit down at the places where you are now sit- 
ting, I promise to serve you free of charge any deli- 
cacies you may like.” 

The suggestion was tempting and it was decided to 
meet at the restaurant every day and to try every 
possible way of sitting around the table so as to get 
the free dinners the waiter had promised. 

That day, however, never came, and not because 
the waiter failed to keep his word, but because there 
were too many different ways for ten men to sit aro- 
und the table— in fact, 3,628,800 of them. And to 
try all of them it would take almost 10,000 years — 
as you will see. 

Perhaps you may not believe that there are so many 
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ways for ten persons to sit around a table? To make 
it as simple as possible, let us start with three objects 
that we shall call A, B % and C . 

What we want to find is how many ways there are 
of re-arranging these objects. First, let us put C aside 
and do it with just two objects. We will see that there 
are only two ways of re-arranging them. 

Now let us add C to each of these pairs. We can do 
it in three different ways. We can put C 

(1) behind the pair, 

(2) before the pair, and 

(3) between the two objects. 

There are evidently no other ways of placing it. 
And since we have two pairs, AB and 2L4, we have 

2x3=6 ways of re-arranging the objects 

The ways these objects are re-arranged are shown 
in Fig. 38. 

Let us now take four objects: A , B y C, and D. For 
the time being we shall put D aside and do all the 
re-arrangements with three objects. We already know 
that there are 6 ways of doing that. How many ways 
are there to add the fourth object D to each of the 
6 arrangements of the other three objects? Let us see. 
We can put D 

(1) behind the three objects, 

(2) before them, 

(3) between the first and second objects, and 

(4) between the second and third objects. 

Therefore, we have* 

6 X 4 = 24 arrangements 

and since 6=2x3 and 2 = 1x2, then the number of 
all the arrangements may be written as follows: 

1X2X3X4=24 
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Only two ways of re-arrang- 
ing two things 



Fig. 38 




Three things can he arranged 
in six ways 



Now if we apply the same method with five objects, 
we get the following: 

1 X2X3x4x5= 120 
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And for six: 

1 X2X3X4X5X6= 720, etc. 

Let us now return to the ten young men. The num- 
ber of possible arrangements in this case — if we take 
the trouble to calculate it — will be as follows: 

1X2X3X4X5X6X7X8X9X10 

The result will be the number wo mentioned above: 

3,628,800 

Calculation would have been far more complicated 
if half of the young people were girls, and they would 
want to sit with each young man in turn. Although 
the number of arrangements in this case would be 
much smaller, it would be harder to compute it. 

Let one young man sit down wherever he wants at 
the table. The other four, leaving empty chairs be- 
tween them for the girls, can sit down in 1 x2 x3 x4= 
=24 different ways. Since there are 10 chairs, the first 
young man can sit down in 10 different ways; there- 
fore, there are 10 x 24 =240 different ways in which 
the young men can occupy their seats around the table. 

How many ways are there in which the five girls 
can occupy the empty seats between the young men? 
Obviously 1 x2 x3 x 4 x5 = 120 ways. Combining each 
of the 240 positions of each young man with each of 
the 120 positions of each girl, we come to the number 
of possible arrangements, which is: 

240 X 120 = 28,800 * 

This, of course, is very much less than the 3,628,800 
arrangements for the young men and would take sligh- 
tly less than 79 years. And that means that the young 
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people would get a free dinner from the heir of the 
waiter, if not from the waiter himself, by the time 
they were about 100 years old— provided they lived 
that long. 

Now that we have learned how to calculate the num- 
ber of arrangements, we can determine the number 
of combinations of blocks in a “Fifteen Puzzle”* 
box. In other words, we can compute the number 
of problems this game can set a player. It is easy to 
see that the task is to determine the total number 
in which the blocks can be re-arranged. To do that, 
we know, we must effect the following multiplication: 

1 X 2 X 3 X 4 X 5 X G X 7 X 8 X 9 X 10 X 11 X 12 X 
X 13X14X15 

The answer is 

1.307.674.365.000 

Half of this huge number of problems are insoluble. 
There are, therefore, more than 600,000,000,000 pro- 
blems for which there are no solutions. The fact that 
people never even suspected that explains the craze 
for the “Fifteen Puzzle”. 

Let us also note that if it were possible to shift 
one block every second, it would take more than 

40.000 years to try all the possible combinations, and 
that if one sat at it uninterruptedly. 

As we come to the close of our talk about arrange- 
ments, let us solve a problem right out of school life. 

Let us suppose there are 25 pupils in a class. How 
many ways are there to seat them? 



* The square in the lower right-hand corner must always 
remain vacant. * 
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Those who have well understood the problems we 
explained above will not find any difficulty in solving 
this one. All we have to do is to multiply the 25 num- 
bers, thus: 

1 X2X3X4X5X6 X-X 23 X 24 X 25 

Mathematics shows many ways of simplifying va- 
rious operations, but there is none for the one mention- 
ed above. The only way to do it correctly is to mul- 
tiply all these numbers*. And the only thing that 
will save time is an appropriate arrangement of mul- 
tipliers. The result is stupendous — it runs into 2t> 
digits — so stupendous that it is beyond our power 
of imagination. 

Here it is: 

15,511,210,043,330,985,984,000,000 

Of all the numbers we have encountered so far this 
one, of course, is the biggest and, therefore, takes the 
palm as the number-giant. Compared with it, the 
number of drops in all oceans and seas is quite modest. 

* Incidentally, approximately this can be calculated rela- 
tively simply. In mathematics one often has to calculate tlio 
product of all integrals from one to a certain number n. The 
symbol of^ this product is n 1 and it is called /i-factorial. The 
product given above, for instance, is designated 251. In the 
18th century the Scottish mathematician James Stirling ela- 
borated a formula making it possible to calculate factorials 
approximately. This formula looks thus: 

n\ t 

\ « / 

where ic— 3.141 ... and a=2.718..., numbers that play an 
important role in various mathematical problems. Applying 
Stirling's formula and using the tables of logarithms, it is 
easy to obtain: 

251 ^ 1.55 X 10 26 
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A trick with coins.— In my boyhood my brother, 
I recall, showed me an interesting game with coins. 
First he put three saucers in a lino and then placed 
five coins of different denomination — one-ruble coin, 
50-kopek coin, 20-kopek coin, 15-kopek coin and 
10-kopek coin* in the first saucer, one atop the other 
in the order given. The task was to transpose these 
coins lo the I bird saucer, observing the following three 
rnle tf : 

1) It is permitted to transpose only one coin at a 
time; 

2) It is not permitted to place a bigger coin on a 
smaller one; and 

5) It is permitted to use the middle saucer tempora- 
rily, observing the first two rules, but in the end the 
coins must be in the third saucer and in the original 
ordei. 

“The rules,” my brother said, “are quite simple, 
as you see. Now get to il.” 

I took the 10 kopek coin and put it into the third 
saucer, then I placed the 15-kopek one into the middle 
saucer. And then I got stuck. Where was I to put the 
20-kopek coin? Jt was bigger than both! 

“Well?” my brother came to my assistance. “Put the 
10-kopek coin on lop of the 15 kopeks. Then you will 
have the third saucer for l he 20-kopek coin.” 

I did thal. But it did not mean the end of my dif- 
Jiculties. Where to put the 50-kopek coin? I soon saw 
the way out: I put the 10-kopck coin into the first 
saucer, the 15-kopek coin into the third and then trans- 
posed the 10-kopek coin there too. Now I could place 
the 50-kopek coin in the second saucer. Then, after 
numerous transpositions, I succeeded in moving the 

* The game can he played with any live coins of different 
size. 
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ruble coin from the first saucer and eventually had all 
the pile in the third. 

‘‘Well, how many moves did you make altogether? ” 
my brother asked, praising me for the way I had sol- 
ved the problem. 1 

“Don’t know. I didn’t count.” 

“All right, let’s count. It would be interesting to 
know how to get it done with the least possible number 
of moves. Let’s suppose we had only two coins — 
15- and 10-kopek — and not five. How many moves 
would you require then?” 

“Three — the 10-kopek coin would go into the middle 
saucer, the 15-kopek coin into the third and then the 
10 kopeks over it.” 

“Correct. Let’s add another coin — the 20-kopek — 
and see how many moves we need to transpose the pile. 
First we move the two smaller coins to the middle 
saucer. To do that, as we know it, wo need three mo- 
ves. Then we move the 20-kopek coin to the third 
saucer. That’s another move. Then we move the two 
coins from the second saucer to the third and 
that’s another three moves. Therefore, we have to 
do 3+1+3 “7 moves.” 

“Let me calculate the number of moves we would 
require for four coins,” I interrupted him. “First, 

I move the three smaller coins to the middle saucer. 
That’s seven moves. Then I transpose the 50-kopek 
coin to the third saucer. That’s another move. And 
finally the three smaller coins to the third saucer 
and that’s another seven moves. Altogether it will 
be 7+1+7 = 15 moves.” 

“Excellent. And what about five coins?” 

“Easy: 15 + 1+15=31,” I answered promptly. 

“Well, I see you’ve caught on. But I’ll show you 
a still easier way of doing it. Take the numbers we 
have obtained: 3, 7, 15 and 31. All of them represent 




2 multiplied by itself once or several times, minus 1. 
Look . ” 

And my brother wrote down the following table: 

3-2x2— 1 
7 — 2 X 2 X 2 — 1 
15-2x2x2X2-1 
31 = 2x2x2x2x2-1 

“I see it now. We multiply 2 by itself as many times 
as there are coins to be transposed and then subtract 1 . 
Now I know how to calculate the number of moves 
for any pile of coins. For instance, if we have seven 
coins, the operation will look as follows: 

2 X 2 X 2 X 2 X 2 X 2 X 2 - t -- 128 — 1 127” 

“Well, now you know this ancient game,” my bro- 
ther said. “There’s only one other rule that you sho- 




Tfic priests had to work day 
and night transposing rings 



uld bear in mind: if the number of coins is odd, then 
you put the first into the third saucer; if it's even, 
you start with the second saucer.” 
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“Is the game really ancient? I thought it was your 
own!” I exclaimed. 

“No, all I did was to modernize it with coins. The 
game’s very, very old and comes from India, I think. 
There’s a very interesting legend connected with it. 
In Benares there’s a temple and it is said that when 
Brahma created the world he put up three diamond 
sticks there and around one of them he placed 64 gold 
rings, with the biggest at the bottom and the smallest 
on top. The priests had to work day and night without 
a stop, transposing the rings from one stick to another, 
using the third as an aid — the rules were the same as 
in the case of coins: they were allowed to transpose 
only one ring at a time and forbidden to place a big- 
ger ring on top of a smaller one. When all the rings 
are transposed, the legend says, the world will come 
to an end.” 

“Then the world should have perished long ago, if 
one is to believe this legend.” 

“You think the transposition of these 64 rings do- 
esn’t take much time, do you?” 

“Of course, it doesn’t. Let’s say it takes a second 
for each move. That means in an hour one can make 
3,600 transpositions.” 

“Well?” 

“That’ll be about 100,000 a day and about 1,000,000 
in ten days, and I’m sure you can transpose all of 
1,000 rings with 1,000,000 moves.” 

“You’re wrong there. To transpose these 64 rings 
you’ll require neither more nor less than 500,000 
million years!” 

“But why? The tottd number of transpositions will 
be equal to 2 multiplied by itself 64 times minus 1, 
that is, to Wait, I’ll toll you the result in a se- 

cond.” 

“Fine. And while you’re doing all this multi plica- 
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cation job I’ll have enough time to attend to some 
business.” 

My brother left and I busied myself with calcula- 
tion. First I found the value of 2 le and then multi- 
plied the result — 65,536 — by itself and then the re- 
sult again by itself and subtracted 1. What I got after 
that was 



18,446,744,073,709,551.615* 



My brother was right, after all. 

Incidentally, you might be interested in learning 
how old our earth is. Well, scientists have worked that 
out - though only approximately: 



The sun has cxisled . 
The earth .... 

Life on earth . 
Human beings . . . 



5, 000,000, (XX),000 years 

3.000. 000.000 years 

1.000. 000.000 years 
over 500,000 years 



A bet. — We were having lunch at our holiday home 
when the talk turned to determination of the probabi- 
lity of a coincidence. One of the fellows, a young ma- 
thematician, took out a coin and said: 

“Look, I ’ll toss this coin on the table without look- 
ing. What’s the probability of a head-up turn?” 
“You’d better explain what ‘probability ’ is,” the 
rest chorussed. “Not everyone knows what it is.” 
“Oh, that’s simple. There are only two possible ways 
in which a coin may fall (Fig. 40): either head or tail. 
Of these only one will be a favourable occurrence. 
Thus we come to the following relation: 



The number of fa vourable occurrences jl 

The number of possible occurrences 2 



* Wo know this figure: it was the number of grains Sessa 
asked as a reward for inventing chess. 
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fig. 40 



Head or tall 

“The fraction l / 2 represents the probability of a 
head-up turn.” 

“It’s simple with a coin,” someone interrupted. 
“Do it with something more complicated— a die, for 
instance.” 

“All right,” the mathematician agreed. “Let’s take 
a die. It’s cubical in shape, with numbers on each 
of its faces (Fig. 41). Now, what’s the probability, 
say, of the number 6 turning up? How many possible 
occurrences are there? There are six faces and, there- 
fore, any of the numbers from 1 to 6 can turn up. For 
us, the favourable occurrence will be when it is 6. 
The probability in this case will be 1 / 6 .” 

“Is it really possible to compute the probability of 
any event?” one of the girls asked. “Take this, for 
instance. I’ve a hunch that the first person to pass 
our window will be a man. What’s the probability 
that my hunch is correct?” 

“The probability is x / 2 , if we agree to regard even a 
year-old baby boy as a man. There’s an equal number 
of men and women on our earth.” 




Fig. 41 





A dio 




“And what’s the probability that the first two per- 
sons will ho men?” another asked. 

“Here computation will be more complicated. Let’s 
try all the possible combinations. First, it’s possible 
that they will be men. Second, the first may be a man 
and the second a woman. Third, it may be the other 
way round: first the woman and then the man. And 
fourthly, both of them may be women. So, the number 
of possible combinations is A. And of these combina- 
tions only one is favourable— the first. Thus, the pro- 
bability is V 4 . That’s the solution of your problem.” 
“That’s clear, but then we could have a problem 
of three men. What’s the probability in this case that 
the first three to pass our window will be men?” 
“Well, we can calculate that too. Let’s start with 
computing (he number of possible combinations. For 
two passers-by the number of combinations, as we 
have seen, is A By adding a third passer-by we double 
the numher of possible combinations because each of 
those A groups of lw r o passers-by can be joined either 
by a man or a woman 'Therefore, the number of pos- 
sible combinations in this case will be A /2=8. The 
obvious probability will be */« , since only one com- 
bination will be the one we want. It’s easy to remem-' 
ber the method of computing the probabilities: in the 

111 

case of two passers-by the probability is Xtt- =* 

for three it is-' > J Xy for four the probability 

will be equal to the product of 4 halves, etc. The pro- 
bability, as you may see, grows less each lime.” 
“Then what will it be for 10 passers-by?” 

“You mean what is the probability that the first 
ten passers-by arc men? For that we have to find the 
product of 10 halves. That will be V10241 loss than 0 no- 
thousandth. That means if you bet a ruble that it 



121 




will happen, I can wager 1,000 rubles that it will not.” 
“The bet is tempting!” one of those present exclaim- 
ed. “I’m more than willing to put up a ruble to win 
a thousand.” 

“But don’t forget that the chance to win is one in a 
thousand.” 

“I don’t care. I’d oven bet a ruble against a thous- 
and that the first hundred passers-by are all men.” 
“D’you realize how little the probability is in his 
case? ” 

“It’s probably one in a million or something like 
that.” 

“No, it’s immeasurably less. You’d have one in a 

million for 20 passers-by. For 100 we’d have Wait, 

let me calculate it on a sheet of paper. For 100 the 
probability would be — oh-ho — 1/1,000,000,000,000,000, 
000 , 000 , 000 , 000 , 000 !” 

“Is that all?” 

“You find that too little? Why, there aren’t that ma- 
ny drops of water in an ocean, not even a 1,000 times 
less. ” 

“Yes, the number is imposing! Well, how much 
will you put up against my ruble?” 

“Ha, ha! Everything! Everything I have.” 
“Everything? That’s too much. Make it your bi- 
cycle. Though I’m sure you won’t dare.” 

“1 won’t dare? Go ahead. I bet you my bicycle. 
I’m not risking anything anyway.” 

“Neither am I. A ruble isn’t much! And I stand to 
win a bicycle and you’ll win, if you do, almost noth- 
ing. ” 

“But don't you realize that you’ll never win? You’ll 
never get the bicycle and I’ve as good as got your 
ruble in my pocket.” 

“Don’t do it,” the mathematician’s friend joined 
in. “It’s madness to bet a bicycle against a ruble.” 
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“On the contrary,” the mathematician replied, 
“It’s madness to bet even one ruble in such circum- 
stances. It’s a sure loss! That’s plain throwing money 
away.” 

“But, still there is a chance, isn’t there?” 

“Yes, a drop in an ocean. In ten oceans, in fact. 
Thai’s how big the chance is. I’m betting ten oceans 
against that one chance. I’m just as sure to win as 
I’m sure that two and two is four.” 

“You’re letting your imagination run away with 
you,” an old professor broke in. 

“What, professor, you really think he has a chan- 
ce?” 

“Have you considered the fact that not all occur- 
rences are equally possible? When is computation of 
the probability of a coincidence correct? For equally 
possible events, isn’t it? And here we have a — But 
listen. I think you’ll see your mistake now. D’you 
hear Ihe military band?” 

“I do. What has it got to do ” The young mathe- 

matician stopped short. There was an expression of 
fear on his face as he rushed to the window. 

“Yes,” he said mournfully. “I’ve lost the bet. 
Bye-bye, bicycle.” 

A moment later we saw a battalion of soldiers mar- 
ching past our window! 

Number giants around and inside us.- -There is no 
need to go out of one’s way to find number giants. 
They are all around us and even inside us- -all one 
has to do is know how to recognize them. The sky 
above, the sand under our feet, the air around us, the 
blood in our body — all this conceals number giants. 

For most people there is no mystery about number 
giants in space. Be it the number of stars in the sky, 
their distance from one another and the earth, or their 
size, weight or age — in each case we invariably come 







up against numbers that dwarf our imagination. It 
is not for nothing that people have coined the expres- 
sion “astronomic number”. But some people do not 
even suspect that some heavenly bodies that the astro- 
nomers call “little” are real giants when regarded from 
man’s point of view. Our solar system has some pla- 
nets only a few kilometres in diameter, and the astro- 
nomers, who arc accustomed to deal with number 
giants, call them “tiny”. But they are tiny only 
when compared to other heavenly bodies that are 
bigger: from our point of view they are far from being 
small. Let us take, for example, a recently discovered 
planet three kilometres in diameter. It is not difficult 
to calculate geometrically that its surface is equal 
to 28 square kilometres or 28,000,000 square metres. 
One square metre is enough space for seven persons 
standing upright. So, you see, there is enough space 
on the surface of this “tiny” planet for 196,000,000 
persons. 

The sand that we tread upon also introduces us to 
the world of number giants. It is not for nothing that 
there is the expression “as numerous as the grains of 
sand on the seashore”. Incidentally, the ancients un- 
derestimated the number of grains of sand — they 
thought there were as many of them as stars in the sky. 
In the old days there were no telescopes and without 
them all man can see in one hemisphere is about 
3,500 stars. The grains of sand on the seashore are 
millions of times more numerous than the stars one 
can see with the bare eye. 

There is also a member giant concealed in the very 
air that we breathe. Each cubic centimetre, each thim- 
ble contains 27,000,000,000,000,000,000 molecules. 

It is impossible even to imagine how big this num- 
ber is. If there were as many people on earth, there 
would not be enough space for them. Indeed, the sur- 
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face area of the globe, counting all the continent 
and oceans, is equal to 500 million square kilometres 
If we break this up into square metres, we get 

500,000,000,000,000 square metres 

Now let us divide 27,000,000,000,000,000,000 b, 
this number. The result is 54,000. And that mean 
that there would be over 50,000 persons to every squar 
metre! 

We have said that every human being carries withi 
himself a number giant- blood. If we examine a dro. 
of blood under the microscope we shall sec a hug 
number of red corpuscles. They look like small disk 
compressed at the centre (Fig. 42). They are all o 






A red corpuscle 

approximately the same size 0.007 millimetre in 
diameter and 0.002 millimetre thick. There are a great 
many of them — 5,000,000 in a liny drop of blood of 
about 1 cubic millimetre, ifow many are there in a 
man's body? There are 14 times fewer litres of blood 
in a man's body than kilograms in his weight. For 
instance, if he weighs 40 kilograms, he has about 
3 litres (or 3,000,000 cubic millimetres) of blood. A 
simple calculation will show that he has 

5,000,000 X 3,000,000 = 15,000,000,000,000 red cor- 
puscles 
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Fig. 43 




I low much man consumes in 
his lifetime 

Just think! 15,0^0,000 million red corpuscles! How 
long will a chain of these corpuscles be? That is not 
difficult to calculate! 105,000 kilometres, long enough 
to wind around the earth *s equator! 

100,000 : 40,000 = 2.5 times 
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If we take a man of average weight, the chain of 
red corpuscles will be long enough to do that 3 ti- 
mes. 

These tiny red corpuscles play an important role in 
our organism. They carry oxygen to all parts of the 
body. They absorb it when the blood passes through 
the lungs and then excrete it when the blood-stream 
drives them into the tissue of our body, into parts 
that are the farthest from the lungs. The smaller the 
corpuscles and the more numerous they are, the better 
they fulfil their function because then they have a 
greater surface and it is only through their surface 
that they can absorb and excrete oxygen. Calculation 
has shown that their total surface is many times gre- 
ater than the surface of man’s body; it is equal to 1,200 
square metres — the size of a garden plot 40 metres 
long and 30 metres wide. Now you understand how 
important it is for the living organism to have as many 
as possible of these red corpuscles — they absorb and 
excrete oxygen on a surface that is 1 ,000 times bigger 
than that of our body. 

Another number giant is the impressive total of the,; 
food consumed by a human being (taking 70 years as 
an average life span). It would take a regular freight 
train to transport all the tons of water, bread, meat, 
game, fish, vegetables, eggs, milk, etc., that one con- 
sumes in one’s lifetime. It is difiicult indeed to believe 
that a man can swallow — though not all at once, of 
course — a whole train ful of food. 




Without Instruments 
of Measurement 



Calculating distance by steps. — We do not always 
have a yard-stick with us and it is useful to know how 
to measure, even if only approximately. 

r lhc easiest way of measuring some distance, say, 
when you are out on a hike, is by steps. For that 
you must know the width of your step Of course, 
your steps are not always of the same width. On the 
whole, however, they are more or less of the same 
width and if you know the average width you can 
calculate any distance. 

First you must calculate the average width of your 
steps. That, of course, cannot be done without an in- 
strument of measurement. 

Take a tape, stretch it out some 20 metres, mark 
the distance, take the tape away, and then see how 
many steps you need*to cover the distance. It is pos- 
sible that the result will bo x plus a fraction. If the 
fraction is less than half, do not count it at all; if it 
is more than half, count it as a whole. After that divide 
the 20 metres by the number of steps and get the ave- 
rage width. Memorize the result. 




In order not to lose track of steps — especially when 
measuring a long distance — it is best to count up to 
10 and then bend in one finger of your left hand. 
When all the fingers are bent, i.e., when you have 
covered 50 steps, you bend in one finger of your 
right hand. Thus, you can count up to 250, and then 
start all over again. Only you must not forget how 
many times in all you have bent the fingers of your 
right hand. If, for instance, you have reached your 
destination and have twice bent in all the fingers of 
your right, hand and have another three fingers bent 
on the right and four on the left, it means you have 
made 

2 X 250 + 3x50 + 4x 10 = 690 steps 

To this total you must, of course, add the few steps 
you have made after bending in the last finger of your 
left hand, if such is the case. 

By the way, here is an old rule: the average width of 
an adult’s step is equal to half the distance from his 
eye to his too. 

Another old rule applies to the speed of walking: a 
man does as many kilometres in an hour as he does 
steps in three seconds. But this rule is correct only 
for a certain width of step, and a big step at that. In 
fact, if the width of the step is x metres and the num- 
ber of steps in three seconds is w, then in three seconds 
a man covers nx metres and in an hour (3,600 seconds) 
1,200 nx metres or 1.2 nx kilometres. If this distance 
is to equal the number of steps made in 3 seconds, 
there must be the following equation: 

1.2 nx = n 
or 

1.2 x=\ 

hence 

x = 0.83 metres 
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The rule that the width o! a man's step depends 
on his height is correct; the second rule— the one we 
have just examined— applies only to men of average 
height, i.e., men who are about 1.75 metres tall. 

63. A live scale.— When there is no instrument of me- 
asurement around, the following is a good way of 
measuring average-sized objects. Stretch a string or 
a stick from the tip of an outstretched arm to the op- 

Fig. 44 \5cmj 




How to measure a hand to 
turn it into a gauge 

posite shoulder. In the case of an adult this distance 
is about one metre long. Another way of measuring 
a metre (approximately) is with one's fingers: the 
distance between the index finger and the thumb 
stretched as wide apart as possible is about 18 centi- 
metres and six of such distances make approximately 
1 metre (Fig. 44a). 







This teaches us to measure with “bare hands”. 
The only thing one need know for that is the size of 
one's palm, and remember it. 

First one must know the width of one's palm, as 
shown in Fig. 44 b. In the case of an adult it is usually 
10 centimetres. Yours may be smaller or bigger; you 
must know by how much. Then you must know the 
distance between the index and middle fingers, stret- 
ched as wide apart as possible (Fig. 44c). It is also 
useful to know the length of the index finger, from the 
base of the thumb (Fig. 44 d). And, finally, calculate 
the space between the thumb and the little finger when 
extended (Fig. 44c). 

Making use of these “live scales”, you can obtain 
approximate measurements of small-sized objects. 

64. Measuring with the aid of coins.— Coins are also 




A five- and a one-kopek co- 
ins make 4 centimetres 



very useful in this respect. A Soviet 1-kopek coin, 
for instance, is exactly 1.5 centimetres in diameter 
and a 5-kopek coin is 2.5 centimetres in diameter. Put 
them alongside each other and you get 4 centimetres 
(Fig. 45). And so, if you have several coins you can, 
knowing their diameter, measure the length of an 
object. The following lengths can be measured with the 
Russian copper coins 



131 




uue-KupeK com 1.0 cm 

Five-kopek coin . . 2.5 cm 
Two one-kopek coins . 3 cm 
One- and five-kopek 

coins 4 cm 

Two five-kopek coins . . 5 cm, etc , etc 

Subtracting the diameter of a 1-kopek coin from that 
of a 5-kopek coin, you get exactly 1 cm. 

If you do not happen to have 5- and 1-kopek coins 
and have only 2- and 3-kopek coins, they can help 
you out to a certain extent if you will remember that 
their diameters, when they are put alongside each 
other, also add up to 4 centimetres (Fig. 46). By 
folding a 4-cra strip of paper in two and then again 
in two, you will have a 4-cm scale. 




A throe- and a two-kopek 
coins also make 4 centimetres 



And so, with knowledge and ingenuity, you can 
effect practical measurements without a measuring 
tape. 

One might add that, if necessary, coins can be used 
as weights. Copper coins that have long been in cir- 
culation are only slightly — very slightly, indeed— 
lighter than new ones. Since often there are no weights 
of one to ten grammes at hand, it is very useful to know 
the weight of coins. 




Chapter 

8. Geometric Brain-Teasers 



To solve the conundrums in this chapter you do not 
have to know geometry thoroughly. That can be done 
by anyone possessing elementary knowledge of this 
branch of mathematics. The two dozen problems 
offered here will help the reader to check whether or 



Why docs the front axle 
wear out faster? 

not he really knows geometry as he thinks he does. 
Real knowledge does not mean just knowing how to 
describe the peculiarities of geometric forms, but how 
to apply them to the solution of practical problems. 
Of what use is a gun to a man if he does not know how 
to shoot? 

Let the reader see for himself how many bull 9 ? 
eyes he can score out of 24 shots at these geometric 
targets. 
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65. A cart— Why does the front axle of a cart wear 

out faster than the rear? 

66. Through a magnifying glass.— How big will the angle 

of l x / 2 ° seem if you look at it through a glass that 
magnifies things four times (Fig. 48)? 




67. A carpenter’s level.— You have probably seen a 

carpenter’s level with a glass tube with a bubble 
(Fig. 49) that deviates from the centre when placed 
on a sloping surface. The bigger the slope the more 
does the bubble deviate from the mark. It moves be- 
cause, being lighter than the liquid in the tube, it 
rises to the surface. If the tube were straight, the 
bubble would move to the end of the tube, that is, 
to its highest point. A level like that, as it may ea- 
sily be seen, would be very inconvenient. That is why 
the tube is usually arched, as shown in Fig. 49. When 



Fig. 49 




The carpenter’s level 



the level is horizontal, the bubble, situated at the 
highest point of the tube, is in the centre: if the level 
is sloped, the highest point is then not its centre, but 
some point next to it, and the bubble moves from the 
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mark to another part of the tube.* The problem is to 
determine how many millimetres the bubble will 
move away from the mark if the level is sloped l /*° 
and the radius of the arch of the tube is 1 metre. 

68. How many edges?— Here is a question that will 

probably sound either too naive or, on the contrary, 
too tricky. 

How many edges has a hexagonal pencil? 

Think well before you look at the answer. 

69. A crescent.— Can you divide a crescent (Fig. 50) 

into six parts by drawing just two straight lines? 




70. A match trick. — Out of 12 matches you can build 

the figure of a cross (Fig. 51) with the area equal to 
five “match” squares. 

Can you re-arrange the matches in such a way as 
to cover an area equal to only four “match” squares? 

The use of measuring instruments is forbidden. 

71. Another match trick.— Out of eight matches you 

can make all sorts of figures. Some of them are shown . 
in Fig. 52. They are all different in size. The task is 
to make the biggest possible figure out of these eight 
matches. 

72. The way of the fly.— On the wall inside a cylin- 
drical glass container, three centimetres from the up- 

* It would be more correct to say that “the mark moves 
from the bubble", because tho latter really remains in its place 
while the tube and the mark glide past. 







Fig. 52 







How to make the biggest 
possible figure out of eight 
matches 



per circular base, there is a drop of honey. On the la- 
teral surface, diametrically opposite it, there is a fly 
(Fig. 53). 

Show the fly the shortest route to the honey. 

The diameter of the cylinder is 10 centimetres and 
the height 20. 




Show the fly the short cut 
to honey 



Don’t expect the fly to find this way itself and thus 
facilitate the solution of the problem: for that it would 
have to be well versed in geometry, and that is some- 
thing beyond a fly’s ability. 
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Fig. 54 



Fig. 55 



Fig. 56 




Find a pluff for these 
three apertures 



Is there one pin? for all 
three apertures? 



Can you make one 
plutf lit all three of 
these apertures? 



73. Find a plug.— You arc given a small plank (Fig. 54) 

with three holes: square, triangular and circular. Can 
you make one plug that would fit all the three aper- 
tures? 

74. The second plug.-- If you have solved the previous 

problem, Iry to find a plug that would close the aper- 
tures shown in Fig. 55. 

75. The third plug.- And here is yet another problem 

of the same type. Find a plug for the three apertures 
in Fig. 56. 

70. A coin trick.— Take a couple: of coins— 5-kopek and 

2-kopek (any two similar coins of 18 millimetres and* 
25 millimetres in diameter will do). Then, on a sheet 
of paper, cut out a circle equal to the circumference 
of the 2-kopek coin. 

Do you think the 5-kopek coin will get through this 
hole? 

There is no catch to the problem; it is genuinely 
geometrical. 

7. The height of a tower.— There is a very big tower 

in your town, but you do not know its height. You 
have, however, a photograph of the tower. Can it help 
you to find the real height? 

8. Similar figures. — This problem is meant for those 
who understand geometrical similarity. Answer the 
following two questions: 
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1) Are the two triangles in Fig. 57 similar? 

2) Are the outer and inner rectangles of the picture 
frame in Fig. 58 similar? 

79. The shadow of a wire. —How far, on a sunny day, 

does the perfect shadow of a wire 4 millimetres in dia- 
meter stretch? 



Fig. 57 




Are these two triangles 
similar? 



80 



81 



82 



83 



84 



85 . 



A brick. — A regular-size brick weighs 4 kilograms. 
How much will a similar toy brick, made of the same 
material, but all the dimensions of which are four ti- 
mes smaller, weigh? 

A giant and a pygmy. — By how much docs a man 
2 metres tall outweigh a pygmy who is only 1 metre 
tall? 

Two water-melons. — A man is selling two water- 
melons. The diameter of one is one-quarter bigger than 
that of the other, but it costs one and a half times 
more. Which one would you buy? 

Two melons.— Two melons of the same sort are being 
sold. One is 60 centimetres in circumference, and the 
other is 50. The first is one and a half times dearer. 
Which of the two is it more profitable to buy? 

A cherry.— The pulp of a cherry around the stone 
is as thick as the stone itself. Let us assume that the 
cherry and the stone are round. Gan you calculate 
mentally how much more pulp than stone there is in 
the cherry? 

The Eiffel tower.— The 300-metre-high Eiffel tower 
in Paris is made of steel— 8,000,000 kilograms of it. 
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I have decided to order a model of this tower, one 
weighing a kilogram. 

How high will it be? Will it be bigger or smaller 
than a drinking glass? 



Arc the inner and outer rec- 
tangles similar? 

8G. Two pans. — There are two pans that are similar in 

form and of the same thickness; one of them is eight 
times more capacious than the other. 

How much heavier is it than the smaller one? 

87. In winter.— An adult and a child, similarly dressed, 

are standing in the street on a wintry day. 

Who feels colder? 




Answers 65 to 87 



65. At the first glance this problem does not look 
geometrical at all. But one who knows geometry well 
will know how to find a geometrical basis where it 
is disguised by all sorts of extraneous details. This 
problem is a geometrical one and without geometry 

it is impossible to solve it. 

And so, why does the front axle wear out faster than 
the rear one? If you look properly at Fig. 47 you will 
see that the front wheels are smaller than the rear. 
Geometry teaches us that a circle with a smaller cir- 
cumference has to make more revolutions than a bigger 
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circle to cover the same distance. And it is only na- 
tural that the more the wheel turns, the quicker the 
axle wears out. 

66. If you think that the magnifying glass increases 
our angle to 1 1 / 2 X / i -6°, you are very much mistaken. 
The magnifying glass does not increase the magnitude 



Fig 59 




of the angle'. True, the arc measuring the angle in- 
creases, but then its radius increases proportionally too, 
and the result is that the magnitude of the central 
angle remains unchanged. Fig. 59 explains this. 

67. In Fig. 60 MAN is the original position of the 
level's arc, M'BN' is the new position with the chord 
M'N' and the chord MN forming an angle of Va 0 * 




D C 



The bubble, formerly at A % remains at the same point 
but the centre of the arc MN has moved to B. We must 
now calculate the length of the arc AB with the radius 
being equal to 1 metre and the magnitude of the angle 
to Va° (this follows from the fact that we are dealing 
with corresponding acute angles with perpendicular 
sides). 

It is not difficult to calculate that. Since the radius 
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is equal to 1 metre (1,000 millimetres), the circumfe- 
rence will equal 2 x3. 14 x 1,000 --6,280 millimetres. 
And since there are 360° or 720 half-degrees in a cir- 
cumference, the length of V 2 ° in this particular case 
will be: 

6,280 : 720 = 8.7 millimetres 

Thus, the bubble will move from the mark (or 
rather the mark will move from the bubble) by appro- 
ximately 9 millimetres. It is obvious that the grea- 
ter the radius of the curvature of the tube, the more 
sensitive is the level. 

68. There is nothing tricky in this problem. The 
only catch is the erroneous interpretation of meaning. 
A “hexagonal” pencil has not six edges as most people 
probably think. If not sharpened, it has eight: six 
faces and two small bases. If it really had only six 
edges, it would have a different form altogether — one 
with a rectangular section. 

69. This should be done as shown in Fig. 61. The 



/ 




\ 



result is six parts which are numbered for convenien- 
ce's sake. 

70. The matches should be laid out as shown in Fig. 
32a. The area of the figure is equal to the quadrupled 
area of a “match” square. It is quite obvious that this 
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Fig. 62 



Fig. 63 




is so. Let us mentally fill out our figure to form a 
triangle What we get is a right triangle whose base 
is equal to three matches and its height to four.* Its 
area is equal to one-half of its base multiplied by its 
height: V2x3x4=6 (Fig. 626) “match” squares. But 
the area of our figure is obviously smaller than the 
area of the triangle by two “match” squares and is 
therefore equal to four such squares. 

71. It can be proved that of all the closed plane 
figures the circle is the biggest. It is, of course, impos- 
sible to make one out of matches. However, out of 
eight matches it is possible to make a figure (Fig. 
63) that most closely resembles a circle— a regular 
octagon. And this regular octagon is precisely the figure 
that we require, for it is the biggest in area. 

72. To solve this problem we must slit the cylindri- 
cal container open and flatten out the surface. The 

result will be a rectangle (Fig. 64) whose width is 

* 

* Readers who are acquainted with the Pythagorean pro- 
position will understand why we are so certain that ours is 
a right triangle: 3*4*4* =5*. 
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20 centimetres and whose length is equal to the cir- 
cumference, i.e., 10 x 3 1 /7=31.5 centimetres (approxi- 
mately). Now let us mark in this rectangle the position 
of the fly and that of the drop of honey. The fly is at 
point A, 17 centimetres from the base, while the drop 
of honey is at point 2?, at the same height but half 



Fig. 65 



Fig. 64 
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the circumference of the cylinder away from A, that 
is, 15 3 / 4 centimetres away. 

To find the point where the fly must climb over 
into the cylinder we must do as follows. From point 
B (Fig. G5) we shall draw a perpendicular line to the 
upper base and continue it up to a similar distance. 
Thus, we shall obtain C, which we shall connect by 
a straight line with A . Point D will be the one where 
the fly should cross over into the cylinder, and the 
route ADB is the shortest way. 

Having found the shortest route on a flattened rec- 
tangle we can roll it back into a cylinder and see how 
the fly must travel to reach the drop of honey (Fig. 
66 ). 

I don’t know whether or not this is the route taken 
by flies in such cases. It is possible that, possessing, 
a good nose, flies actually use this shortest route— 
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Fig 66 



Fig, 67 






Fig e>8 




Fig 60 








possible bul not probable. A good nose is nol enough 
withoul knowledge of geometry. 

73. There is such a plug. It is shown in Fig. 67 and, 
as you may see, it can really close all the three aper- 
tures: square, triangular and circular. 

74. There is also a plug to close the three apei lures 
in Fig. 68: circular, square and cruciform. It is shown 
in all its three aspects. 

75. Finally, there is a plug like that too. You may 
see all its aspects in Fig. 69. 

76. Strange as it may seem, it is quite possible to 
pass a 5-kopek coin through such a small hole. The 
paper is folded so that the circle is stretched out into 
a slit (Fig. 70), and it is through this slit that the 5-ko- 
pek coin passes. 
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Geometry easily explains this seemingly tricky phe- 
nomenon. The 2-kopek coin is 18 millimetres in dia- 
meter. It is not difficult to calculate its circumference: 
it is slightly over 56 millimetres. The length of the 
slit, therefore, is half of that, or 28 millimetres. And 
since a 5-kopek coin is 25 millimetres in diameter, it 
can easily pass through a 28-millimetre slit, even if 
it is 1.5 millimetres thick. 

Fig. 70 





77. To determine the real height of the tower, it is 
first of all necessary to have the correct measurements 
of its height and base in the photograph. Let us assu- 
me that they are 95 and 19 millimetres respectively. 
After that you measure the base of the real tower. 
Let us suppose that it is 14 metres wide. 

Geometrically, the tower in the photograph and 
the real tower are proportionally the same, i.e., the 
ratio between the height and the base of the tower in 
the photograph is equal to that between the height and 
the base of the real tower. In the first case it is 95 : 
19, i.e., 5. Hence, the height of the tower is 5 times 
greater than the base. Therefore, the height of the real 
tower is: 

14 X 5 = 70 metres 
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There is a “but”, however. To determine the height 
of a tower you must have a really good photograph, 
not a distorted one — the kind inexperienced amateur 
photographers sometimes take. 

78. Very often both of these questions are answered 
in the affirmative. In reality it is only triangles that 
are similar. The outer and inner rectangles of the 
picture frame, generally speaking, are not similar. 
For triangles to be similar it is enough for their angles 
to be correspondingly equal; and since the sides of the 
inner triangle are parallel to the sides of the outer, 
the figures are similar. As for the similarity of the 
polygons, it is not enough that their angles be equal 
(or — and that is the same thing— that their sides be 
parallel): it is also necessary for the sides of the poly- 
gons to be proportional. As far as the outer and inner 
rectangles of a picture frame are concerned such is 
the case only with squares (and rhomb i generally). 
In all other cases the sides of the outer and inner rec- 
tangles are not proportional and the figures, therefore, 
are not similar. The absence of similarity becomes all 
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the more obvious in thick rectangular frames (Fig. 
71). In the frame on the left the outer sides are in the 
ratio of 2 : 1 and the inner 4 : 1. In the frame on the 
right, they are 4 : 3 and 2:1, respectively. 

79. Many people will be surprised to learn that the 
solution of this problem requires knowledge of astro- 
nomy: of the distance between the earth and the sun 
and of the size of the sun’s diameter. 
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The length of the perfect shadow cast by a wire is 
determined by the geometric figure shown in Fig. 72. 
It is easy to see that the shadow is as many times 
greater than the diameter of the wire as the distance 
between the earth and the sun (150,000,000 kilometres) 

Fig. 72 A 

G:::: 

B 




is greater than the sun’s diameter (1,400,000 kilome- 
tres). In round figures, the ratio in the latter case is 
115. Therefore, the perfect shadow cast by the wire 
stretches: 



4x 115 = 460 millimetres 



46 centimetres 



The insignificant length of a perfect shadow expla- 
ins why it is not always seen on the ground or house 
walls; the weak streaks that one does see are not sha- 
dows, but penumbra. 

Another method of solving such problems was shown 
in brain-teaser 8. 

80. The answer that the toy brick weighs 1 kilo- 
gram, i.e., four times less, is absolutely wrong. The 
little brick is not only four times shorter than the real 
one, but also four times narrower and four times lower , 
and its volume and weight are therefore 4x4X4=64 
times less. The correct answer, therefore, would be: 

4,000 : 64 = 62.5 grammes 

81. This problem is similar to the one above, so 
you should be able to solve it correctly. Since human 
bodies are more or less similar, the man who is twice 
taller outweighs the other not two, but eight times. 



10 * 
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The biggest man the world knows of was an Alsa- 
tian 2.75 metres tall — approximately 1 metre taller 
than a man of average height. And the smallest was 
a lilliputian less than 40 centimetres tall, i.e., round- 
ly speaking, he was seven times shorter than the Al- 
satian. If we were to weigh the two and put the Alsa- 
tian on one pan, we would have to put on the other 
pan of the balance: 7x7x7=343 lilliputians, and 
that’s a whole crowd. 

82. The size of the big water-melon exceeds that of 



the small one 




X X 1^= 



125 
64 1 



or almost twice. 



Therefore, it is better to buy the big one: it costs 
only one and a half times more and has over two times 
more pulp. 

Why then, you may ask, should the vendors demand 
only one and a half times more for such water-melons 
and not twice? The explanation is simple: most ven- 
dors are weak in geometry. But for that matter so are 
the buyers, and that is the reason why they often 
refuse such profitable deals. It can be definitely af- 
firmed that it is better to buy big water-melons than 
small ones because they arc always priced less than 
what they really should cost — but most buyers do 
not even suspect that. 

And for the same reason it is more profitable to buy 
big eggs than small ones, that is, if they are not sold 
by weight. 

83. Circumferences are to one another as their dia- 
meters. If the circumference of one melon is 60 centi- 
metres and of the othpr 50 centimetres, then the ratio 
between their diameters is 60 : 50= e /s» and the ratio 
between their sizes is: 

/ 6\3 216 




The bigger melon, if it were priced according to its 
size (or weight), should cost 1.73 times or 73 per cent 
more than the small one. Yet the vendor asks only 50 
per cent more. It is obvious, therefore, that it is more 
profitable to buy the bigger one. 

84. The conditions of the problem say that the dia- 
meter of the cherry is three times that of the stone. 
Hence, the size of the cherry is 3x3X3=27 times 
that of the stone. That means that the stone occupies 
V 27 part of the cherry and the pulp the remaining 26 / a7 . 
In other words, the pulp is 26 times bigger in volume 
than the stone. 

85. If the model is 8,000,000 times lighter than the 
real Eiffel tower and both are made of the same metal, 
then the volume of the model should be 8,000,000 ti- 
mes less than that of the real tower. We already know 
that the volumes of similar figures are to one another 
as the cubes of their altitudes. Hence, the model must 
be 200 times smaller than the original because 

200 X 200 X 200 — 8,000,000 

The altitude of the real tower is 300 metres. There- 
fore, the height of the model should be 

300 : 200 1— metres 

2 

The model will thus be about the height of a man. 

86. Both pans are geometrically similar bodies. If 
the bigger one is eight times more capacious, then 
all its linear measurements arc two times greater: 
it is twice bigger in height and breadth. But if it is 
the case, then its surface is 2X2=4 times greater be- 
cause the surfaces of similar bodies are to one another 
as the squares of their linear measurements. Since the 
wallsidos are of the same thickness, the weight of the 
pan depends on the size of its surface. Hence, the ans- 
wer: the bigger pan is four times heavier. 
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87. At the first glance this problem does not look 
mathematical at all, but in fact, like the previous 
one, it is solved geometrically. 

Before we set out to solve this problem let us exa- 
mine another one — of the same kind but simpler. 

Two boilers, one bigger than the other, made of the 
same material and similar in form, are filled with hot 
water. In which of the two will the water cool down 
faster? 

Things usually cool down from the surface. There- 
fore, the boiler with a bigger surface per unit of volu- 
me cools down faster. If one of the boilers is n times 
higher and broader than the other, then its surface is 
n* times greater and the volume n 8 times bigger; for 
each unit of the surface in the big boiler there are n 
times more volume. Hence, the smaller boiler cools 
down faster. 

For the same reason a child standing out in the 
street on a wintry day feels the cold more than a si- 
milarly dressed adult: the amount of heat in each 
cubic centimetre of the body is approximately the 
same in the case of both, but a child has a greater cool- 
ing surface per one cubic centimetre of the body than 
an adult. 

That is the reason why man's fingers and nose suffer 
more from cold and get frost-bitten oftener than any 
other parts of the body whose surface is not so great 
when compared to their volume. 

And, finally, that also explains, for instance, the 
following problem: Why does splint wood catch fire 
faster than the log from which it has been chopped 
off? 

Since heat spreads from the surface to the whole 
volume of a body, it is necessary to compare the sur- 
face and volume of splint wood (for instance, square 
section) with the surface and volume of a log of the 
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same length and same square section in order to deter- 
mine the size of the surface per one cubic centimetre 
of wood in both cases. If the log is ten times thicker 
than splint wood, then the lateral surface of the log 
is ten times bigger than that of splint wood and its 
volume 100 times. Therefore, for each unit of the 
surface of splint wood there is ten times less volume 
than in a log: the same amount of heat heats ten times 
less material in splint wood. Hence, the same source 
of heat sets splint wood on fire faster than a log. (Be- 
cause of the poor heat conductivity of wood the com- 
parison shohld be regarded as only roughly approxi- 
mate— it is characteristic of the whole process and 
not of the quantitative aspect.) 




The Geometry of Rain 
and Snow 



Pluviometer. — In the Soviet Union it has become 
a rule to consider Leningrad a very rainy city, far 
more rainy, for instance, than Moscow. But scientists 
deny that. They claim that rain brings more water 
to Moscow than to Leningrad. How do they know that? 
Is there really a way of measuring rain-water? 

The task looks difficult, yet you can learn to do it 
yourself. Don’t think that you have to collect all the 
water that descends to the ground. It would be enough 
to measure the depth of the water layer if rain-water 
did not spread and if it were not absorbed by soil. 
And that would not be difficult at all. 

When rain falls, it falls evenly everywhere: there is 
no such thing as watering one garden bed more than 
its neighbour. It is enough, therefore, to measure the 
depth at one spot to know the depth in the entire 
afflicted area. * 

Now you have probably guessed what you must do 
to measure the amount of rain-water. All you have to 
do is take a small lot where water would not spread 
or disappear underground. Any open vessel is suitable 




